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Preface 



We do not know books of problems on cosmology including its recent achievements. How- 
ever we believe that such a book would be extremely useful for the youth poured in the 

last decade into this one of the most actively developing field of science. The only way to 
rise over "popular" level in any science is to master its alphabet, i.e. to learn to solve the 
problems, even the simplest on the first stage. A.Sommerfeld wrote: "Just solve problems 
carefully. Then you make clear what you have already understood and what — not yet." 
Of course most of modern wonderful courses include problems. However a reader tired 
by high theory does not have force and time to solve them. May be it is worth to change 
the tactics and immediately throw into water those who wish to learn to swim? 

We suggest to cosmological community to create a joint collaboration "Dynamics of 
Universe in Problems" . In first release we propose 500 problems as our contribution into 
that beginning. In current release we add about 170 new problems and reorganize the old 
in more accurate way. If our project will make an interest then it is necessary to think 
how to organize technically the international collaboration in that direction. In any case 
we plan to update our "database" monthly, including 30-50 new problems every time. 

Of course each problem has an author. However many problems already became a 
scientific folklore and it is difficult to point out correctly the real author. We justify 
ourselves by the fact that most of books of problems do not cite the authors and it 
does not offend anybody. We believe that only answers should be copyrighted, not the 
questions themselves, although well posed question normally worth half of the answer. 

So welcome to the rage water of cosmology problems and good luck! 
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CONTENTS 



Chapter 1 
Cosmo- warm- up 



1. How the Earth radius could be determined in 350 B.C.? 

2. Prom what distance will one astronomical unit length have visible size of one angular 
second? 

3. What is angular dimension of our Galaxy for an observer situated in the Andromeda 
galaxy, if the distance to it is about lOOkpcl Compare it with the Sun angular size 
viewed from the Earth. 

4. A supernova outburst in the Andromeda nebula have been observed on the Earth. 
Estimate time passed after the star explosion. 

5. A galaxy situated at distance R from us at the moment of observation recedes with 
velocity V. At what distance was it situated in the moment of emission of the 
observed hght? 

6. A glance on the night sky makes impression of invariability of the Universe. Why 
the stars seem to us practically static? 

7. What is maximum sum of angles in a triangle on a sphere? 

8. Consider the surface of a two-dimensional sphere of radius R. Circle is drawn on 
the sphere which has radius r as measured on the surface on the sphere. Find 
circumference of such a circle as function of r. 

9. Suppose that galaxies are distributed evenly in a two-dimensional sphere of radius 
R with a number density n per unit area. Determine the total number of galaxies 
inside a radius r. Do you see more or fewer galaxies out to the same radius, if the 
geometry is spherical rather than fiat? 

10. An object of size A is situated at distance B. Determine the angle at which the 
object is viewed in fiat space and in spaces of constant (positive and negative) 
curvature. 

11. Every second about 1400J of solar energy falls onto square meter of the Earth. 
Estimate absolute emittance of the Sun. 
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12. Assuming that the constant emittance stage for the Sun is of order of 10^° years, 
find the part of solar mass lost due to radiation. 

13. Why the connection between the emittance of variable stars (Cepheids) and the 
period of their brightness variation was discovered from observation of stars in Great 
Magellan cloud rather than in our Galaxy? 

14. A supernova in its brightness maximum reaches absolute stellar magnitude M — 
—21. How often the supernova outbursts will be registered if the observation is 
provided on the whole sky up to limiting magnitude m = 14? Assume that in a 
typical galaxy a supernova bursts in average once per 100 years, and galaxies are 
distributed with spatial density of one galaxy per lOMpc^. 

15. From the fundamental constants c, G, h construct dimensions of length, mass, 
temperature, density and find their values (the corresponding magnitudes are called 
Planck's units). 

16. Estimate the perception delay time for an object situated on 1 meter distance from 
a plain mirror and compare it with the Planck's time. 

17. Show that Compton wave length for a particle of Planck's mass coincides with its 
gravitational radius Vg = 2Gm/c^ (the gravitational radius in general relativity 
coincides with the radius of a spherically symmetric body for which the classical 
second orbital velocity on the surface would be equal to the light speed). 

18. Show that in the c — h — 1 units 

IGeV fti 1.8 • 10"^^^; IGeV'^ ^ 0.7 • lO'^Sec ^ 2 • 10-^^cm. 

19. Express Mpi in K, cm~^, sec~^. 

20. Show that the fine structure constant a — /he is dimensionless only in the space 
of dimension D — ?>. 

21. Prom the constants c, fi, e, G construct a dimensionless combination in the space 
of arbitrary dimension. 

22. To study charge distribution inside a nucleus one commonly uses high-energy elec- 
trons (not protons) as they do not take part in strong interactions and therefore 
they are sensitive only to the charge distribution in the nucleus. What is minimum 
energy of electrons needed for that purpose? 

23. Estimate radius and mass of a white dwarf. 

24. Estimate radius and mass of a neutron star. 

25. Why neutron stars must have strong magnetic fields? 
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26. What is average density of a white dwarf with the mass equal to solar one, brightness 

— one thousand times less than the solar one, and the surface temperature — twice 
greater than the solar one? 

27. Suppose that we have concentrated whole cosmic history (14 billion years) in one 
day. Display main events in the Universe history using logarithmic time scale. Start 
from the Planck's time to avoid degeneracies. 

28. Effect of variation of observed frequency of oscillations at relative motion of the 
source and the receiver was predicted by Doppler for light and sound waves in 1842 
year. Doppler believed that the effect could explain the distinction in the stars 
colors: a star moving towards the Earth looks "bluer", and outwards the Earth 

— "reddens". Explain why the Doppler effect cannot change the star "coloring" 
significantly. 

29. Estimate mass of Milky Way and number of stars in it. Our Galaxy has diameter 
about 100 000 light years and the Sun is situated approximately two thirds of the 
way from the Galaxy center. Period of the Sun rotation around the galaxy center 
is of order 250 millions years. 

30. Estimate density of luminous matter in the Universe assuming that the Milky Way 
containing ~ 10^^ stars of solar type is a typical galaxy, and average intergalactic 
distance is of order L = IMpc. 

Age of Universe is one of the most discussed question in cosmology. Unfortunately 
no chronometer was started in the moment of the Big Bang and we have no direct 
methods to determine the cosmic time. However common sense allows to construct 
many ways to estimate the lower bound of that magnitude supposing that the Uni- 
verse cannot be younger than any of its component, or, in other words, the Universe 
age must be greater than the age of the oldest object discovered in it. Different meth- 
ods for determination of lower bound for the Universe age use the following objects 
as the "cosmic long-livers" : long-living isotopes, globular clusters, white dwarfs. In 
particular, nuclear cosmochronology allows to estimate the age of Universe com- 
paring current relative abundance of some long-living radioactive isotopes with the 
initial one, which is determined in frames of certain cosmological models. 

31. According to the Big Bang model the initial ratio of the uranium isotopes abun- 
dances was f/235^f/238 ^ ^ q^^ ^^le presently observed one is [/235^^238 0.0072. 
Accounting that the half- value periods of the isotopes equal ti/2(f^^^^) = 1-03 • 10^ 
years and ti/2(t^^^*) = 6.67 • 10^ years, determine the age of Universe. 

32. In frames of nuclear cosmochronology propose a method to determine age of the 
Earth (i.e. Solar system). 

33. Show that in the hydrogen atom ratio of electrical forces to gravitational ones is 
close to ratio of the Universe size to the size of electron (first noted by P.Dirac). 

34. Gompare constants of strong, weak, electromagnetic and gravitational interactions. 
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35. Estimate order of magnitude of the Great Unification temperature (the temperature 
when intensity of gravitation comes up with intensities of three other interactions) . 

36. Express Bohr radius through fine structure constant and Compton wavelength. 

37. Estimate free path of hydrogen atom in the intergalactic space. 

38. Protons accelerated on LHC {E = 7TeV) and photons are participants of cosmic 
race on Earth-Sun distance. How much will the protons remain behind in time and 
distance? 

39. Determine Fermi energy of cosmic neutrino background (gas). 

40. Assume that the space is infinite and in average uniformly filled with matter. Es- 
timate the distance from our observable part of Universe where the same (with 
identical distribution of galaxies and the same Earth) part of Universe is situated. 

41. If the Universe would be infinitely old and infinitely extended, and stars could 
eternally shine, then whatever direction you look the ray of your vision should get 
on surface of a star, and therefore all sky should be as bright as the Sun surface. 
This notion is known under name of Olbers paradox. Formulate the Olbers paradox 
quantitatively. 

42. There are n trees per hectare in a forest. Diameter of each one is D. Starting from 
what distance "the trees will hide the forest"? How this question is connected with 
the Olbers paradox? 

43. In a more romantic formulation that problem looks as the following. Suppose that 

in Sherwood Forest, the average radius of a tree is 30cm and average number of 
trees per unit area is n = 0.005m^^. If Robin Hood shoots an arrow in a random 
direction, how far, on average, will it travel before it strikes a tree? 

44. The same problem in the cosmological formulation looks this way. Suppose you are 
in a infinitely large, infinitely old Universe in which the average density of stars 
is Hst = lO^lMpc"^ and the average stellar radius is equal to the Sun's radius: 
Rst — Rq — 7 ■ lO^m. How far, on average, could you see in any direction before 
your vision line struck a star? 

45. Accretion process is the gravitational capture of matter and its subsequent fall down 
on a cosmic body (a star for example) due to gravitational forces. In such process the 
kinetic energy of the falling mass m with some efficiency transforms into radiation 
energy which leads to additional contribution to brightness of the accreting system. 
Determine the limiting brightness due to the accretion (the Eddington limit). 

46. Give considerations in favor of electrical neutrality of the Universe on large scales. 

47. What is the difference (quantitative and qualitative) between the gravitational waves 
and the electromagnetic ones? 
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48. Estimate total amount of energy collected by optical telescopes during the past XX 
century and compare it with the energy needed to turn over a page of a book. 

49. Find probability that transition between two atomic states occurs due to gravitation 
rather than electromagnetic forces. 

50. What cosmological process releases maximum amount of energy for one time after 
the Big Bang? 

51. One of possible formulations of the Fermi paradox, or the "great silence" paradox, is 
the following: if there is an intelligent life in the Universe, so why it emits no signal 
into the space and generally manifest itself in no way? This paradox is connected 
with name of Fermi, because once having listened arguments of his colleagues stating 
that there exist a great many of highly developed technological civilizations, he asked 
after some pause: "Well, and where are they so far?" Give arguments to support or 
disprove the paradox. 

52. Evidently role of gravitation growth with the mass of a body. Show that gravitation 
dominates if the number of atoms in the body exceeds some critical value 



where a — e'^/{hc) is the fine structure constant and aa = Gm.p/{hc) is the "fine 
structure constant" for gravitation, nip is the proton mass. 

53. In frames of Newtonian mechanics calculate the collapse time for homogeneous 
spherical mass with density po- 

54. Black holes — one of the most mysterious astrophysical objects — can be small (of 
several solar masses) and super- massive (millions times heavier than the Sun) . Prob- 
ably super-massive black holes exist in centers of many galaxies, and in center of 
our galaxy too. Such black holes can be formed when the central part of galaxy 
collapses. Black holes can be detected by indirect signs. In particular, detection of 
stars rapidly rotating around an invisible gigantic mass gives serious confirmation 
of a super-massive black hole presence. Recently (1995-2008) such stars rotating on 
elliptic orbits around a common center were discovered in the center of our galaxy. 
Estimate the invisible mass (the black hole mass), if the velocities of the stars are 
of order V ~ 10"^ km/s, and their motion is observed on distance of 100 a.u. from 
the center. 

55. A gas cloud of mass M consisting of molecules of mass ^ is unstable if the gravi- 
tational energy exceeds the kinetic energy of thermal motion. Derive the stability 
condition for the spherically symmetric homogeneous cloud of radius R (the Jeans 
criterion) . 




56. Estimate the critical density for hydrogen cloud of solar mass at temperature T ~ 
1 000 K. 
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57. Compare gravitational pressure in the centers of the Sun {p — 1.4 g/cw?) and the 
Earth (p = 5.5 g/cm^). 

58. Hydrogen burning (hydrogen to hchum transformation) in stars is reahzed in the 
so-called p-p cycle, which starts from the reaction of deuterium formation p + p — )■ 
d+e'^+v. To support such a reaction the colliding protons have to overcome Coulomb 
barrier (in order to enter the region where nuclear forces act: r^f ~ 10~^^ cm.) It 
requires energy as high as Ec — /vnf ~ 1.2MeV. Typical solar temperature is only 
Tq = WK^ 0.9keV. The Coulomb barrier can be overcome due to the quantum 
tunneling effect (classical probability to overcome the barrier for the protons in 
the tail of Maxwell distribution is too low). Estimate the probability of tunneling 
through the Coulomb barrier for protons on the Sun. 



Chapter 2 

Dynamics of Expanding Universe 



Matter tells Spacetime how to curve, and 
Spacetime tells matter how to move 

John Wheeler 

1. The main assumption lying in the basis of overwhelming majority of cosmological 
models is spatial homogeneity and isotropy of Universe. Give examples showing 
that this two notions do not imply each other automatically. 

2. Show that if some distribution is everywhere isotropic then it will be also homoge- 
neous. Is the opposite true? 

3. What three-dimensional objects are both homogeneous and isotropic? 

4. Why the term ''Big Bang" should not be literally understood concerning to the first 
stage of Universe evolution? 

5. Show that Hubble law is invariant under Galilean transformations. 

6. Show that Hubble law is the only one expansion law compatible with homogeneity 
and isotropy of Universe. 

7. Show that if the Universe expansion follows Hubble law then initial homogeneous 
distribution will remain homogeneous in all further moments of time. 

8. Bondi, Gold and Hoil in forties of last century proposed a stationary model of 
Universe based on generalized cosmological principle implying absence of privileged 
position not only in space, but in time as well. In a Universe described by such 
a model all global properties and characteristics (density, Hubble parameter and 
others) remain constant in time. Estimate rate of matter creation in such a model. 

9. Typical peculiar velocities of galaxies arc Vp ~ 100km/ s. How far from us must 
a galaxy be in order to have small peculiar velocity compared to the velocity of 
Hubble expansion Vh — HqRI 

10. Using the observed value of Hubble constant, estimate age of Universe (the Hubble 
time tn)- 
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14 CHAPTER 2. DYNAMICS OF EXPANDING UNIVERSE 

11. Introduce notion of Hubble radius and clarify its physical sense. 

12. Show that the expanding Universe model allows to resolve Olbers paradox. 

13. Can cosmological objects recede with velocities exceeding the light speed? 

14. Can we see galaxies receding with velocities exceeding the light speed? 

15. How will distance tab between two points A and S on a two-dimensional sphere 
and their relative velocity vab — drAs/dt change if the sphere radius a{t) depends 
on time? 

16. Having integrated the Hubble law, introduce notions of scale factor and comoving 
distance. 

17. Obtain equation of motion for free particle in a space-time with metric gi^,^. 

18. Determine distance between two infinitesimally close points on the 3-sphere surface. 

19. Show that the Friedman-Robertson- Walker (FRW) metric 



ds^ = - a\t) ^' , + r\de'' + sin' Od^') 
[1 — /cr^ 

can be rewritten in the form 

ds'' = dt" - a\t) [dx" + + sin' ^V)] 

where 




20. Show that metric of a homogeneous and isotropic three-dimensional space which 
may expand (or contract) as a function of time is necessarily the FRW metric. 

21. Find volume, surface area and equator length for closed Universe. 

22. Give arguments in favor of the fact that in a closed Universe the total electrical 
charge equals to zero. 

23. Derive the Hubble law using the FRW metrics. 

24. Obtain Einstein equations from variational principle. 

25. Show that Einstein equation 

1 
2 

can be presented in the form 

1 
2 
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26. Calculate the connectivity components (Christoffel symbols) in FRW metric. 

27. Calculate Ricci tensor components in FRW metric. 

28. Calculate scalar curvature R in FRW metric. 

29. Find components of the energy-momentum tensor satisfying the cosmology principle. 
Calculate its trace. 

30. Obtain zero geodesies for a particle with initial condition r(0) = and boundary 
condition r(T) = R, at radial motion 9 — 9i, (p — (pi, in the de Sitter space-time 

ds'' = dt^ - e^^*[dr2 + r^{d9^ + sin^ 9dip% 

where H = const. 

31. Obtain Friedman equations from Einstein equations. 

32. Are solutions of Friedman equations Lorenz-invariant? 

33. Using the first Friedman equation, make a classification of the solutions describing 
the Universe dynamics in frames of the Newtonian mechanics. 

34. Determine value of the critical density — the density corresponding to spatially flat 
Universe. 

35. What is "physical" reason for appearance of coefficient 3 in the second Friedman 
equation: 

a 3 

36. Show that the first Friedman equation can be written in the form 

^Q, = l, 

i 

where are relative densities of components: 




The summation includes contribution of spatial curvature 

3_k_ 

Pcurv 7~<~o- 

SttG 

37. Express the curvature radius of Universe through the Hubble radius and total rela- 
tive density. 

38. Show that the relative density of curvature in some region can be interpreted as 
measure of difference between mean potential energy and mean kinetic energy in 
the region. 
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39. Show that in a closed Universe H — — 47rG(p + 

40. Obtain the Raychadhuri equation: 

41. From Friedman equations obtain the conservation equation for expanding Universe 

p + 3H{p + p)^0. 

42. Obtain the conservation equation for expanding Universe using invariance property 
for energy-momentum tensor. 

43. Show that the conservation equation can be presented in the form 

d In p 

^ + 3 1 + ^=0. 
a ma 

44. Show that the first Friedman equation is the first integral of the second one. 

45. Show that the second Friedman equation can be presented in the form: 

HH' ^ -A7rG(p + p), 

where 



din a 



46. Show that in homogeneous and isotropic Universe filled by ideal liquid the energy- 
momentum tensor trace is: 



"4^ 



a f k 
a \a J 



47. In fiat Universe express pressure through Hubble parameter and its time derivative. 

48. Express state parameter w = p/p through Hubble parameter and its time derivative. 

49. Find upper limit for the state parameter w = p/p. 

50. Show that among the three equations (two Friedman equations + conservation equa- 
tion) only two are independent, i.e. from any pair of those equations the third can 
be obtained. 

51. Rewrite the conservation equation in terms of e-convolutions number for scale factor 
N{t) — ln(a(i)/ao) and find its solution. 

52. Obtain the first Friedman equation using only Newtonian mechanics. 

53. Obtain an analogue of the second Friedman equation in Newtonian mechanics. 
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54. Obtain the conservation equation for expanding Universe using only thermodynamic 
considerations. 

55. Obtain the conservation equation for non-relativistic matter from the continuity 
equation for ideal liquid. 

56. Show that for non-relativistic particles the parameter w in the state equation is 
much less than unity. 

57. Show that the only source of gravitation in the General Relativity is the quantity 
p + 3p. 

58. What effect makes the pressure magnitude on the expansion rate? 

59. Show that the equations of Newtonian hydrodynamics and gravity theory do dot 
allow existence of homogeneous, isotropic, static cosmological model, i.e. time- 
invariable Universe, uniformly filled by ideal liquid. 

60. Why scale factor normalization is arbitrary in the case of Euclidean geometry of 
Universe? 

61. Show that only sign of curvature makes physical sense: rescahng of the scale factor 
leads to rescaling of the curvature. 

62. Propose a scheme for experimental determination of curvature in a static Universe. 

63. Find connection between the scale factor and the redshift. 

64. Consider a set of the following four parameters: 

a at 



m ^ - 

m 



1 dPa 
a dt"^ 

1 d^a 
adfi 



, , 1 d'^a 
s(t) = — — 
^ ^ adt"^ 



1 da 
a dt 



1 da 
a dt 

1 da 
a dt 



Using the above parameters, decompose the scale factor in Taylor series in time. 

65. Expand the redshift in Taylor series in time. 

66. For "close" galaxies {z <^ 1) formulate Hubble law in terms of the redshift. 



18 CHAPTER 2. DYNAMICS OF EXPANDING UNIVERSE 

67. Show that the standard definition of the redshift can be used only for cosmological 
objects situated within the Hubble sphere. 

In order to simplify the description of Universe dynamics it is often convenient to 
replace the physical time t by the conformal one rj, defined as 

f dt 

so that dt — a{r])dr). The conformal time can be interpreted as the time showed by 
the clock which decelerate as the Universe expands. Therefore a light signal will be 
able to pass increased physical distance during the same conformal time interval. 

68. Construct the FRW metric in the conformal time. 

69. For an arbitrary function of time f{t) express / and / through derivatives over the 
conformal time. 

70. Find trajectory of a photon in the conformal time for isotropic spatially-flat Uni- 
verse. 

71. Obtain the Friedman equations for the conformal time. 

72. Show that logarithmic derivative of the scale factor over the conformal time deter- 
mines evolution of the scale factor in physical time. 

73. Obtain the conservation equation in terms of the conformal time. 

74. Calculate derivatives of the state parameter w with respect to cosmological time t 
and conformal time rj. 

75. Find connection between the scale factor and the redshift, using properties of the 
conformal time interval. 

76. Find connections between the physical time and the redshift, and between the con- 
formal time and the redshift. 

77. Show that in the comoving coordinates and conformal time the FRW metrics is 
conformally-flat, i.e. it differs from the flat one only by global stretching. 

78. Can an open Universe evolve into a closed one? 



Chapter 3 



Dynamics of Universe in the Big 
Bang model 

1. A spider sits on a wall. In the place where it sits a 1 meter long elastic rubber cord 
is attached to the wall, and a man holds in hand the second end of it. The man 
starts moving off the wall with velocity 1 m/s. At the same moment the spider 
starts to run along the cord with velocity 1 cm/s. Will the spider come up with the 
man? 

2. What main observations is the Big Bang model based on? 

3. Show that in early Universe one can neglect the curvature-proportional term in 
Friedman equation. 

4. Estimate upper limit of contribution to the first Friedman equation by the term 
with curvature in electro-weak and nuclear-synthesis epochs. 

5. Obtain the dependencies p{t) and a{t) for fiat Universe, composed of 

a) radiation, 

b) matter. 

6. Let us consider two "Universes". One is filled by radiation, another — by non- 
relativistic matter. Energy density in both cases is initially identical. Compare 
energy densities after period of time t. 

If space expands, does it mean that everything stretches in it? And Galaxies? And 
atoms too? A superficial answer is that "hounded" systems do not participate the 
expansion. But if the space stretches, how these systems can avoid at least mini- 
mal stretching? Must the hounded systems stretch less intensively? And must less 
bounded systems stretch stronger? In the following set of problems we try to clarify 
the situation with help of a simple model — a classical atom, composed of a nega- 
tively charged electron with negligibly small mass, rotating around positively charged 
massive nucleus. Let us place the classical atom in the homogeneous Universe with 
expansion described by the scale factor a{t) . In order to describe the atom we will 
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use two sets of spatial coordinates. Both of them are spherical coordinates with ori- 
gin in the nucleus. The first set consists of physical coordinates R, 9, ip, where R 
is the distance from nucleus to the electron at a given moment of time. The sec- 
ond set r, 9, (f — the comoving coordinates — represent fixed points participating the 
cosmological expansion. The two sets are linked by the following relation 

R = a{t)r. 

The angular coordinates are the same for both sets as we assume that the cosmolog- 
ical expansion is radial. 

7. How to answer, in terms of physical and comoving coordinates, the question whether 
an atom participate the cosmological (Hubble) expansion? 

8. Obtain equation of motion for electron in the atom of the considered model, taking 
into account the cosmological expansion. 

9. For the case of exponential expansion a{t) = e^* construct effective potential for the 
electron in atom and with the help of it analyze dynamics of the electron for the 
case = C, where C is the electrostatic interaction constant. 

10. If all the Universe expand, why the Solar system does not? Give quantitative 
arguments. 

11. In fiat Universe composed from matter and radiation find time dependence for scale 
factor and densities of all components in case of domination of one of them. Present 
the results graphically. 

12. In fiat Universe, composed from matter and radiation only, obtain exact solutions 
for Friedmann equations. Plot time dependencies for the scale factor and both 
densities. 

13. Present the first Friedman equation in terms of the redshift and analyze contribu- 
tions of separate terms in different cosmological epochs. 

14. Obtain the dependence a{t) for flat Universe composed only of matter with the state 
equation p — wp assuming that during all the period of the evolution the parameter 
w does not depend of time. 

15. Using the first Friedman equation, construct the effective potential V{a), governing 
the one-dimensional motion of fictive particle with coordinate a. 

16. Construct the effective one- dimensional potential V{a) (using notions of the previous 
problem) in the Universe composed of non-relativistic matter and radiation. Show 
that in such a potential only decelerated expansion is possible. 

17. Obtain time dependence for Hubble parameter in flat Universe, where either matter 
or radiation dominates. 
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18. Find time dependence for Hubble parameter for flat Universe, filled by a substance 
with state equation p = wp assuming that the parameter w is time-independent 
during all the evolution. 

19. Find critical density of Universe expansion from the expression for second orbital 
velocity v = \/2gR. 

20. At what moment after birth of Universe the density of matter exceeded that of 
radiation for the first time? 

21. Find age of Universe in the case of domination of 

a) matter, 

b) radiation. 

22. Show that the deceleration parameter q is connected with Hubble parameter by the 
relation 



dt 

23. Let ta be the moment in the Universe history when the decelerated expansion turned 
into the accelerated one, i.e. the deceleration parameter q{ta) = 0. Show that if ti 
and t2 are two moments of time lying in the vicinity of ta but on different sides of 
it, then 

24. Show that surface of Hubble sphere recedes with velocity V — c{l + q), where q is 
the deceleration parameter. Explain this result. 

25. Show that in the accelerated expanding Universe the comoving Hubble radius de- 
creases with time. 

26. Show that dependence of the deceleration parameter on the red shift can be pre- 
sented in the form 

, , 1 + zdH ^ 

^^'^ = -iriu - 

27. Show that for a Universe composed of only one component with state equation 
p — wp, the deceleration parameter is 

^ = 1(1 + 3^). 

28. Show that for a Universe composed of several components with state equations 
Pi — WiPi, the deceleration parameter equals 

O 3 



Q=2 + 2 Zl^^^^' 



where Q is total relative density. 
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Show that the Hubble parameter is connected with the deceleration parameter by 
the integral relation 



H — Hq exp 



[q{z') + l]d\n{l + z') 



30. Show that k = sign(n — 1). 

31. Closed {k = 1) Fricdmannian Universe has current Hubble constant Hq and decel- 
eration parameter qq. Find lifetime of such a Universe. 

32. Closed Friedmannian Universe has current Hubble constant Hq and deceleration 
parameter qq. Find maximum size of such a Universe. 

33. Consider closed Friedmannian Universe, where radiation is predominant only during 
negligibly small rate of total lifetime of the Universe. How many times a photon 
can run round this Universe for the time period from its " birth" to the " death" ? 

34. For a Universe containing only matter (p = 0, p — Po/a^), show that the solutions 
of Friedmann equations can be presented in the form 

aW = ^^(l-cos^); t{9)^ ^^{9 -sine); Q<9<2n. 

35. For a closed Universe filled by matter, find relation between the total life time and 
the maximum size. 

36. Closed Friedmannian Universe has Hubble constant Hq and deceleration parameter 
qq. Suppose that in that Universe matter always dominated. 

a) What is total proper volume of the Universe in the present epoch? 

b) What is total proper volume of space that we embrace by view looking on the 

sky? 

c) What is total proper volume of space presently occupied by matter, that we can 

see looking at the firmament? 

37. For an open Universe {k — —1), composed only of matter, find dependence p{t) for 
the period of evolution, when the curvature term dominates in Friedman equation. 

38. In a Universe composed of matter and radiation only obtain exact solutions for 
Friedmann equations with arbitrary curvature. 

39. Let density of some component depends on the scale factor as p{t) ~ a(t)^"'. How 
much time is needed for the density of that component to change from value pi to 
value p2? 



40. 
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a) radiation; 

b) matter. 

41. Using time dependence of Hubble parameter calculate the deceleration parameter 
in the cases with domination of 

a) radiation; 

b) matter. 

42. Find solutions of Friedman equations for Miln Universe: open Universe A; = — 1 in 
the limit p ^ 0. 

43. For Miln Universe find dependence of density on distance to the horizon, and also 
total number of galaxies in Euler and Lagrange coordinate systems. 

44. Calculate the particle horizon in Universe dominated by 

a) radiation; 

b) matter. 

45. Show that the comoving particle horizon equals the age of Universe in conformal 
time. 

46. Show that if the Universe density is provided by ultra- relativistic matter only, then 
the particle horizon coincides with the Hubble radius. 

47. For flat Universe composed of a single component with the state equation p — wp 
find dependence of the comoving Hubble radius Rh /a on the scale factor. 

48. Express the comoving particle horizon Ip/a through comoving Hubble radius Ru/a. 

49. As it is known the Universe became transparent at z ~ 1100 (the moment of neutral 
hydrogen creation — the recombination process), i.e. when it was about 1100 times 
smaller in size than today. Therefore in practice our ability to observe the Universe 
optically is limited by the so-called optical horizon: the maximum distance passed 
by the light after the recombination moment. Find ratio of the particle horizon to 
the optical one in the matter-dominated Universe. 

50. Show that in an open Universe, filled only by matter, the number of observed 
galaxies grows with time. 

51. Estimate ratio of the Hubble sphere volume to the total volume of Universe, if it is 
a 3-sphere of radius 



-floV ' ^curv 

52. Find dependence of particle horizon on the red shift for a Universe composed of 
matter and radiation with relative densities Vtrao and VL^o respectively. 
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53. Show that signals, emitted from the cosmological horizon, come to the observer with 
infinite redshift. 

54. Show that even in early Universe the particle horizon scale was much less than the 
curvature radius. Therefore inside the horizon the curvature plays insignificant role 
and on that scale Newtonian mechanics is applicable. 

55. Show that momentum of a particle decreases with expansion of Universe as p{t) oc 
a{t)-\ 

56. Does the inertia law hold in the expanding Universe? 

57. Let Universe was initially filled by gas of non-relativistic particles with mass density 
Pm and ration Cp/c^ = 7. Construct the state equation for such system. 

58. In General Relativity an important role is played by the so-called energy conditions, 
which impose restrictions on the energy-momentum tensor components basing on 
physical considerations. For an Universe filled by ideal liquid with density p and 
pressure p those conditions take the following form: 

Zero energy condition: p + p > 
Weak energy condition: p > 0, p + p > 
Strong energy condition: p + 3p >0, p + p >0 
Dominant energy condition: p > 0, —p >p>p 

Express energy conditions in terms of scale factor and its derivatives. 

59. Express energy conditions in terms of Hubble parameter and the redshift. 

60. Find dependence of conformal time on the scale factor for a Universe dominated by 
radiation and non-relativistic matter. 

61. Find connection between the redshift and time; consider case of the matter-dominated 
Universe. 

62. Find dependence of the scale factor on the conformal time for the radiation-dominated 
Universe. 

63. Express physical time through the conformal one for the radiation-dominated Uni- 
verse. 

64. Find dependence of the scale factor on the conformal time for the matter-dominated 
Universe. 

65. For a flat Universe, flUed by mixture of radiation and matter, flnd scale factor 
dependence on the conformal time. 

66. For the case, when the state equation parameter Wi = Pi/ Pi for some component i 
depends on time, find dependence of density of that component on the redshift. 
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67. In an Universe composed of only non-relativistic matter find dependence of Hubble 
parameter on the redshift. 

68. In an Universe composed of only non-relativistic matter find dependence of relative 
density on the redshift. 

69. Show that the deceleration parameter q can be presented in the form 

n [x) 

70. Express derivatives dH/dz and d'^H/dz'^ through the parameters q and 

'd 

r = 



71. Redshift of any object slowly changes due to the acceleration (or deceleration) of 
the Universe expansion. Find rate of the red shift variation in the non-relativistic 
matter- dominated Universe. 

72. Show that in the fiat matter-dominated Universe the visible angular size as a func- 
tion of distance to the object of linear size d has minimum ai z = 1.25. 

73. Show that if one has a combination of radiation and matter components, then the 
sound speed is 

2 -'- / 3 Pm 
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Chapter 4 

Observational cosmology 



'The great tragedy of Science — the slaying of a 
beautiful hypothesis by an ugly fact. ' 

T. H. Huxley 

1. Calculate the ratio of the Earth illuminance caused by the Sun to illuminance caused 
by all other light sources in the Universe (the quantitative resolution of the Olbers' 
paradox) . 

2. Certain luminous object has visible magnitude m — 20, and absolute magnitude 
M — 15. Calculate the distance to this object. 

3. Due to accidental coincidence, Balmer series spectral hues of singly ionized helium 
from distant star overlap with Balmer lines of hydrogen from the Sun. How fast 
that star is receding from us? 

4. The angular size of the elliptic galaxy is d — ?>' and certain hydrogen absorption 
hne in its spectrum has wavelength A = 4866^ and width a — ?>A. Estimate the 
galaxy's mass, supposing that the laboratory wavelength of this hne is A = 4861A. 

5. Gas cloud is rotating around supermassive black hole M = 3.6 x lO^M© (one of 
the possible interpretations of the recent observations). Supposing that distance 
between these objects is around 60 light years, estimate the amount of expected 
Doppler shift. 

6. In expanding flat Universe determine the physical distance to the object, that have 
emitted the light with redshift z. 

7. Calculate the comoving distance to observable at present time galaxy as a function 
of the redshift. 

8. Solve the previous problem for the fiat Universe dominated by the nonrelativistic 
matter. 

9. In expanding flat Universe determine the velocity of the object, that have emmited 
light with the redshift z, which is caused by the expansion. 
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10. In the Universe, consisted only from nonrelativistic matter, obtain the dependence 
of the Hubble parameter H on the redshift. 

11. In the Universe, consisted only from nonrelativistic matter, determine the depen- 
dence of the relative density on the redshift. 

12. Construct the method of determination of the scale factor acceleration sign, basing 
on measuring the characteristics of the explosions of supernovae. 

13. Show, that the rate of the redshift for the light, that was emitted at the time t and 
is registered at present time to, is determined by the expression 

14. In the flat one-component Universe with equation of state p — wp the light with 
redshift z is registered at time to- For what values of the parameter w the derivative 
dz/dto > 0? Explain the physical meaning of this result. 

15. Express photometric distance in the terms of the redshift of the registered radiation. 

16. Show that for 2; <^ 1 in the first order by z one obtains (II ~ zH^^. 

17. Calculate the second order term of the expansion of by 2; for 2; <^ 1. 

18. Redshift for certain radiation source is z = 0.05. Estimate the distance to this 
source. 

19. Express the Hubble parameter H{z) in terms of diiz). 

20. Express angular diameter size dA{z) in terms of H{z). 

21. Express the age of the Universe in terms of H[z). 

22. Compare the dependence of refraction angle G on aiming parameter p for optical 
lens and gravitational lens, using general physical principles and find the differences 
between them. 

23. Obtain the formula © = ^g/p foi" refraction of light ray using Newtonian theory. 
Tg — 2GM/ is the gravitational radius. 

24. Calculate the angle of refraction of light in the gravitational field of the Sun. 

25. Propagation of light in gravitational field could be considered as propagation in the 
" medium" . Calculate the effective refractive index for such medium. 

26. Determine the dependence of ray shifting from the axes of symmetry after the 
refraction on nontransparent lens. Find the region of shadow and estimate its size, 
considering the Sun as a lens. 
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27. What scales of angles and distances determine the position of the images of the light 
source after the passage through the gravitational lens (GL)? Consider two cases: 
1) source and lens are at cosmological distances from observer; 2) distance from 
observer to lens is mush smaller than distance to source. 

28. Show that when the gravitational lens is placed between source and observer the 
two images of the source would be observed in general. How are the images placed 
relative to the lens and observer? 

29. How should source, gravitational lens and observer be placed relative to each other 
to observe the Einstein ring? Calculate the radius of the ring. 

30. How would Einstein ring change, is we take into account the finite size of the source? 
Estimate the space carachteristics of the observed image, assuming, that radius of 
the lens is much smaller than the raius of the lens. 

31. Qualitatively consider the general situation, when source of finite size, lens and 
observer are not lie on a one line. Estimate the angular sizes of the observed images. 

32. Calculate the angular shift of the Einstein ring from the circle of the GL. Estimate 
it, considering Sun as a lens. Is its value observable? 

33. Recently the exceptional phenomenon was observed using the Hubble space tele- 
scope: the double Einstein ring, formed by the influence of gravitational field of 
the galaxy on the hght from two other more distant galaxies. What conditions are 
necessary for the observation of this phenomenon? 

34. Determine the dependence of the registered radiation on the distance from observer 
to nontransparent lens and distance from the systems' axis of symmetry, assum- 
ing that the source is at infinite distance from lens (parallel input beam). What 
peculiarities does this dependence have? Compare with optical lens. 

35. The light from the Earth is billiard times weaker than light from Sun. Not only 
Earth, but huge planets near other stars (the so-called exoplanets), could not be seen 
in telescope, even the cosmic, as Hubble telescope — they are completely immersed 
to the light of the star. Propose the methods of the detections of such planets. 

36. Espress the probability of finding two galaxies in the infinitely small volumes dVi 
and dV2 in the terms of the corellation function ^{fi, r2), if the mean density of the 
galaxies in the considered volume is n and total number of galaxies is N. Specify 
the main features of the corellation function. 

37. Determine the relation between the space ^(r) and angular w{9) corellation func- 
tions. 

38. Show that power law of decrease of space corellations lead to power law for decrease 
of angular corellations. 
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39. Calculate the two-point corellation function for galaxies, that are distributed on 
the line with mean density n on non-overlaping clusters with length a. Density of 
the galaxies inside the cluster is constant and equals ric- Clusters are distributed 
randomly. 

40. Estimate the deceleration of the clock at the surface of the pulsar with parameters 
R = 10km, M = lO^^kg. 

41. White dwarf with mass M — 0.9Mq and radius R — 6000A;m is moving towards the 
Sun with velocity v = dOkm/s. In what part of the spectrum are its spectral lines 
shifted: red or blue? 

42. Light emitted from the Sun is observed on the Earth. Determine the shift of the 
observed frequency comparing to the corresponding frequency of light, emitted by 
Earth atoms. 

43. Some radioactive nucleus emits photons with energy e = hu. Detector is placed 
at value L below the emitter. What frequency will be registered by the detector? 
Estimate the relative shift of the frequency Au/u in the gravitational field of the 
Earth with L = 22.6m. 

44. Determine the gravitational redshift of the light, arrived from the artificial satellite, 
when observing at the point exactly under the perihelion of the satellite's orbit. 

45. Show that Newtonian mechanics could be formally adopted for the description of 
the gravitational redshift. 

46. The bullet is shot to the Universe with FRW metrics with velocity Vq relative to the 
cosmological observers. Later, when Universe expands in (1 + z)~^ times, bullet has 
another velocity v, relative to the cosmological observers. Express v in terms of Vq 
and z and show that in the limit v ^ c this dependence leads to the formula for 
redshift of the photons. 

47. Calculate the visible bolometric emittance E of the object with given distance r, 
redshift z and bolometric emittance L. 

48. Find the relation between bolometric star value and redshift for the object with 
bolometric emittance L in the closed Universe with Q > 1. 

49. Let's suppose that for the observer, which is in rest relative to the distant motionless 
stars, the distribution of these stars is isotropic. Another observer is moving with 
velocity /3 {c = 1) in direction e^. What distribution will the second observer see? 
Does this formulation collide with cosmological principle? 

50. If the age of the Universe is to, how could we see objects that are much more distant 
than c^o? 
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51. Optical telescope with effective diameter D is used for research of some light source. 
The number of photons, that are registered by the unit surface of the telescope in 
unit time in unit interval of frequencies is n{i'). The source is observed for time 
At in the interval of frequencies Av. Show that the time necessary for obtaining of 
certain signal-noise ratio is scaled as if the main source of noise are fluctuations 
of number of counted photons and At ~ QD~^ {Q — angle of the observation of 
considered part of the sky) if the main source of noise is CMB. 
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Chapter 5 

Cosmic Microwave Background 
(CMB) 

1. In 1953 year the article "Extended Universe and creation of Galactics" by G.A.Gamov 
was published in "Det Kongelige Danske Videnskabernes Selskab". In that paper 
Gamov took two numbers — age of the world and average density of matter in Uni- 
verse — and basing on them he determined the third number — the relict radiation 
temperature. Try to repeat the scientific feat of Gamov. 

2. Show that in expanding Universe the quantity aT is an approximate invariant. 

3. Find the GMB temperature 1 second after the Big Bang. 

4. Why CMB cannot help to heat food like in the microwave oven? 

5. Estimate moment of time when the CMB energy density was comparable to that in 
the microwave oven. 

6. Estimate moment of time when the CMB wavelength will be comparable to that in 
the microwave oven, which is A = 12.6 cm. 

7. The binding energy of electron in hydrogen atom equals 13.6 eV. What is temper- 
ature of Planck distribution, whose photons have such average energy? 

8. Show that creation of the relict radiation (the photon decoupling) took place in the 
matter-dominated epoch. 

9. Let a black hole absorb cosmic background radiation. Express the rate of the black 
hole mass growth through the black hole mass, cosmic background radiation tem- 
perature and fundamental constants. 

10. Two stars with presumably equal absolute brightness (standard candles) are ob- 
served. Maximum of the observed Planck spectrum for one of them lies at 700nm, 
and for the other — at 350nm. What is ratio of their radii? 

11. Calculate the presently observed density of photons for the cosmic microwave back- 
ground and express it in Planck units. 
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12. Find ratio of CMB photons energy density to that of neutrino background. 

13. Determine average energy of the CMB photons in the present time. 

14. Why, calculating energy density of electromagnetic radiation in the Universe, we 
can limit ourself to the CMB photons? 

15. Can hydrogen burning in the thermonuclear reactions provide the observed energy 
density of the relict radiation? 

16. Find ratio of relict radiation energy density in the last scattering epoch to the 
present one. 

17. Find ratio of average number densities of photons and baryons in the Universe. 

18. Explain qualitatively why temperature of photons on the last scattering surface (0.3 
eV) is considerably less than the ionization energy in hydrogen atom (13.6 eV)? 

19. Magnitude of dipole component of anisotropy generated by motion of the Solar 
system relative to the relict radiation equals AT^ ~ 3.35mK. Determine velocity of 
the Solar system relative to the relict radiation. 

20. Estimate magnitude of annual variations of CMB anisotropy produced by rotation 
of the Earth around the Sun. 

21. Estimate the starting moment of time for the recombination — the transition from 
ionized plasma to gas of neutral atoms. 

22. Determine age of Universe at the moment of photon decoupling (free path for pho- 
tons is greater than the current observable size of Universe) . 

23. How will the results of problems [21] and [22] change if we take into account possibility 
of neutral hydrogen creation in excited states? 

Ionization rate of atomic hydrogen in thermal equilibrium can be described by the 
Saha equation 

where X = Uf^/n is the ionization rate, and n are concentrations of electrons and 
atoms (both neutral and ionized) respectively, 



X2 



27rr 
rripkT 



is the electron's thermal de Broglie wave length and I = 13.6e\^ is the ionization 
energy for hydrogen. It is often used in astrophysics for description of stellar dy- 
namics. 

24. Using the Saha equation, determine the hydrogen ionization rate 
a) 100 seconds after the Big Bang; 



35 



b) at the recombination epoch; 

c) at present time. 

Assume fl — 1 for simplicity. 

25. Determine size of the sound horizon on the last scattering surface. 

26. Determine radius of the last scattering surface. 

27. Estimate thickness of the last scattering layer. 

28. Show that the angular resolution is connected with maximum harmonic Imax (in 
the spherical harmonics decomposition) by the relation 

'"max 

29. Determine position of the first acoustic peak in the CMB power spectrum, produced 
by baryon oscillations on the last scattering surface in the Einstein-de Sitter Universe 
model. 

30. Using the fact that the relict radiation has absolutely black body spectrum, show 
that di/dA = (1 + zf. 

31. Estimate probability of the fact that a photon observed on the Earth have already 
experienced Thomson scattering after the moment when it left the last scattering 
surface. 

32. Show that in the comoving coordinates and conformal time the action for electro- 
magnetic field coincides with that in the flat space-time. 

33. Show that the electromagnetic radiation frequency decreases with Universe expan- 
sion as uj{t) oc a{t)~^. 

34. Construct differential equation for the photons distribution function (fi{uj, t) in ho- 
mogeneous and isotropic Universe. 

35. Show that if a radiation spectrum was equilibrium at initial moment of time then 
it will remain equilibrium during all Universe expansion. 

36. Why in the present time the neutrino relict radiation temperature is lower than the 
one for CMB? 

37. Find entropy density for photon gas. 

38. Find adiabatic curve equation for CMB. 

39. Docs the measurement of velocity relative to CMB mean violation of the relativity 
principle and an attempt to introduce an absolute reference frame? 
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40. Find the force acting on electron moving through the CMB with velocity v <^ c. 

41. Estimate characteristic time of energy loss by high-energy electrons with energy of 
order lOOGeV passing through CMB. 

42. Find energy hmit upper which the 7-rays interacting with the CMB should not be 
observed. 

43. The "tired light" models assume graduate energy loss by photons while they travel 
in Cosmos, resulting in dependence of the red shift on the distance. According to 
those models there is no Universe expansion. Give arguments refuting models of 
such type. 

44. Show that spontaneous photon decay does not explain the redshift. 

45. Relation oc a^'^ presumes conservation of photon number. Strictly speaking such 
presumption is inaccurate. The Sun for example emits of order 10"^^ photons per 
second. Estimate accuracy of the presumption about the photon number conserva- 
tion. 

46. Propose a scheme how to use acoustic oscillations of CMB for determination of the 
Universe geometry. 

47. When passing through hot intergalactic gas the relict radiation is scattered on elec- 
trons. Estimate variation of the relict radiation temperature due to that process 
(Zeldovich-Syunyaev effect). 



Chapter 6 

Thermodynamics of Universe 



In the mid-forties G.A.Gamov proposed an idea 
of "hot" origin of the World. Therefore thermodynamics 
was introduced in cosmology, and nuclear physics too. 
Before him the science about the evolution of Universe 
contained only dynamics and geometry of the World. 

A.D.Chernin. 

1. Find energy and number densities for bosons and fermions . 

2. Find number densities and energy densities, normalized on the photon energy den- 
sity at the same temperature, for neutrinos, electrons, positrons, pions and nucleons 
in the relativistic limit. 

3. Find the average energy per particle in relativistic and in non-relativistic limits. 

4. Find number of internal degrees of freedom for quark. 

5. Find entropy density for bosons end fermions with zero chemical potential. 

6. Estimate current entropy density of the Universe. 

7. Estimate entropy of the observable part of Universe. 

8. Find effective number of internal degrees of freedom for mixture of relativistic bosons 
and fermions. 

9. Generalize results of the previous problem for the case when some i-components 
have temperature Tj different from the CMB temperature T. 

10. Find effective number of internal degrees of freedom for Standard Model particles 
at temperature T > ITeV. 

11. Find variation of internal degrees of freedom in the quark hadronization process. 

12. Find relation between the energy density and temperature at 10^° K. 
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13. Find ratio of the energy density at temperature 10^° K to that at temperature 
10^ K. 

14. Why the Universe expansion described by Friedman equations is adiabatic? 

15. Show that entropy conserves during the Universe expansion described by Friedman 
equations. 

16. Show that in the expanding Universe the entropy density behaves as s oc a~^. 

17. Using only thermodynamical considerations, show that if in an expanding Universe 
the energy density of some component p = const than the state equation for that 
component reads p = —p. 

18. Show that in expanding Universe where relativistic particles dominate the product 
aT is an approximate invariant. 

19. In early flat Universe find temperature dependence for Hubble parameter. 

20. Find time dependence of the early Universe temperature by direct integration of the 
first Friedman equation. 

21. Prove that results of the problems [T^ and [201 are equivalent. 

22. What was the law of time dependence for temperature on early stages of Universe 
evolution? 

23. Determine energy density of Universe at Planck time. 

24. Show that in Planck time the energy density in Universe corresponded to 10''^ proton 
masses in one proton volume. 

25. What was the temperature of radiation-dominated Universe at Planck time? 

26. Determine age of Universe when its temperature was equal 1 MeV. 

27. In the first cyclic accelerator — the cyclotron (1931) — particles were accelerated 
up to energies of order IMeV. In the next generation accelerators — the bevatrons 
— energy was risen to IGeV. In the last generation accelerator — the LHC — 
protons are accelerated to energy of 1 TeV. What times in the Universe history do 
those energies allow to investigate? 

28. Show, that in epoch when energy density in Universe is determined by ultra- 
relativistic matter and effective number of internal degrees of freedom does not 
change, T/T oc — T^. 

29. Find dependence of radiation temperature on the red shift in the expanding Uni- 
verse. 

30. Find dependence of free non- relativistic gas temperature on the red shift in the 
expanding Universe. 
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31. Estimate the starting moment of time for the recombination — the transition from 
ionized plasma to gas of neutral atoms. The recombination temperature is Tree ~ 
0.3 eV. 

32. Find ratio of thermal capacities of matter in form of monatomic gas and radiation. 

33. Expansion of Universe tends to violate thermal equilibrium between the radiation 
(T oc or^) and non-relativistic particles gas (T oc a~^). Which of those two compo- 
nents determines the Universe temperature? 

34. Show that in the non-relativistic limit {kT <^ mc^) p <^ p. 

35. Find entropy density of photon gas. 

36. Use the result of previous problem to alternative proof of the fact that aT — const 
in adiabatically expanding Universe. 

37. Find the adiabat exponent for photon gas in the expanding Universe. 

38. Show that the ratio of CMB entropy density to baryon number density Sj/rib remains 
constant in the process of Universe expansion. 

39. Assuming that the ionization rate at last scattering was 10%, determine the decou- 
pling temperature using the Saha equation. 

40. How many iterations in the Saha equation are needed in order to obtain the de- 
coupling temperature with IK accuracy? Write down analytically the approximate 
result. 

41. Estimate the duration of the recombination epoch: how long did it take for hydrogen 
ionization rate to change from 90% to 10% according to the Saha equation? 

42. Using the Saha equation, determine the hydrogen ionization rate in the center of 
the Sun {p = lOOg/cm^, T = 1.5 • lO^A'). 

43. Estimate the baryon- antibaryon asymmetry 

rib 

in early Universe. 

44. Define monopoles number density and their contribution to the Universe energy 
density at the great Unification temperature. Compare the latter with photons 
energy density at the same temperature. 

45. At what temperature and time the contribution of monopoles into the Universe 
energy density becomes comparable to the contribution of photons? 

46. Find ratio of neutrons number density to protons number density in the case of 
thermal equilibrium between them. 
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47. Up to what temperature the reaction nUe -H- pe~ can support thermal equihbrium 
between protons and neutrons in the expanding Universe? 

48. Determine ratio Un/up at freezing temperature. 

49. Determine the age of Universe when it reached the freezing temperature. 

50. Determine the time period during which the hght elements synthesis took place. 

51. At what temperature and at what time efficient deuterium synthesis starts? 

52. Determine ratio of neutrons number density to protons number density on temper- 
ature interval from freezing temperature to deuterium creation temperature. 

53. Determine relative abundance of ^He in Universe. 

54. How many helium atoms account for one hydrogen atom? 

55. What changes in relative ^ife abundance would cause 

a) decreasing of average neutron lifetime r„; 

b) decreasing or increasing of the freezing temperature T/? 

56. In our Universe the neutron half-value period (the life-time) approximately equals 
600 seconds. What would the relative helium abundance be if the neutron life-time 
decreases to 100 seconds? 

57. At what temperature in Universe the synthesis reactions stop? 

58. If the Universe is electrically neutral then how many electrons fall on a baryon? 

59. What nuclear reactions provided ^He synthesis in early Universe? 

60. Why synthesis of elements heavier than "^Li is restricted in early Universe? 

61. Explain why thermonuclear processes in first stars considerably influenced the evo- 
lution of Universe as a whole? 

62. Why the present relative abundance of chemical elements is approximately the same 
as right after creation of the Solar system? 



Chapter 7 

Perturbation Theory 



Perturbation theory in the expanding Universe has a number of specific features. Strictly 

speaking the theory should be build in frame of General Relativity. However if the inho- 
mogeneities are small, i.e. much less than characteristic sizes in Universe, then we can 
neglect the effects connected with the curvature and finiteness of the interaction propaga- 
tion speed, and we can work in frame of Newtonian dynamics. 

For description of the fluctuations under interest we will need the continuity equation 
and Euler equation 

dv , , V» 

— + • V)v + — + v$ = 0. 

ot p 

Newtonian gravitational potential satisfies the Laplace equation 

A$ = A'KGp. 

Non-relativist ic theory of small perturbations 

1. Express the velocity deflection from the Hubble expansion law in terms of physical 
and comoving coordinates. 

2. Assume that the unperturbed state represents resting gas uniformly distributed in 
space. Find equations for perturbations in linear approximation. 

3. Show that in the case of stationary unperturbed solution the perturbations depend 
on time exponentially. 

4. Consider time-dcpcndcnt adiabatic perturbations and find characteristic scale of the 
instability (Jeanse instability). 

5. Using results of the previous problem, consider the cases of: 
a) short-wave A < Aj; 
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b) long-wave A > Aj; 

perturbations. Consider the limiting case of short waves A ^ Aj. 

6. Neglecting entropy perturbations in frames of Newtonian approximation, compose 
the equation for small relative fluctuations of density 

p 

7. Represent the equation obtained in the previous problem in form of Fourier trans- 
form, having excluded Lagrange coordinates. Find order of magnitude for "physical" 
Jeanse wavelength for matter dominated Universe. 

8. Find time dependence for density fluctuations for fiat Universe in the case of domi- 
nation of 

a) radiation; 

b) matter. 

9. Assume that particular solution of the differential equation obtained in the problem 
[6] has the form 6i(t) ~ H(t). Construct the general solution for S{t), consider case 
of flat Universe filled by a medium with the state equation p = wp. 

10. Show that transversal or rotating mode in the expanding Universe tends to decrease. 

11. Investigate the quasi-static limit (a = const, a = 0) of equation for small density 
fluctuations obtained in the problem |6l 

12. Show that the quasi-static approximation cannot be used to describe evolution of 
small perturbations of density in the expanding Universe. 

13. Find dependence of density fluctuations on the scale factor for flat Universe in the 
case of domination of 

a) radiation; 

b) matter. 

14. Find time dependence of density fluctuations for closed {k = 1) Universe. 

15. Find time dependence of density fluctuations for open {k = —1) Universe. 

16. Analyze stability in the linear approximation of the static solution for Universe 
composed from matter {p = 0) and a substance with the state equation p = wp. 

17. Build correlation function for Fourier components of relative density fluctuations 
satisfying the cosmological principle. 

18. Express the relative density fluctuations correlation function through the power 
spectrum of those fluctuations. 
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Relativistic theory of small perturbations 

19. Inhomogeneity in matter distribution in Universe induces metric perturbations of 
different type. In linear approximation the different perturbation types do not 
interact one witfi anotfier (evolve independently). Make classification of the pertur- 
bations. 

20. Point out the number of independent functions needed to describe the perturbations 
from the previous problem. 

21. In the first order in small perturbation hik calculate components of energy-momentum 
tensor for the Universe filled by ideal liquid with the state equation p — wp and 
described by metric 

ds'^ = dt'^ - a^{t){5ik - hik)dx'dx^ {i = 1, 2, 3). 

22. In the linear approximation find transformation of the metric tensor g^j^iy generated 
by the coordinate transformation of the form a;" ^ a;" = a;" -|- where is 
infinitesimal scalar function. 

23. Using results of the previous problem, find the metric perturbations generated by 
transformation of the form — )■ = + where 4-vector = (^°, satisfies 
the condition C — C± + C: where is a 3- vector with zero divergence C±i — ^ ^^'^ 
C is a scalar function. 

24. Find the Christoffel symbols for conformally Newtonian reference system with the 
metrics defined as 

ds^ = a^{ri)[{l + 2$)rfr/^ - (1 + 2'<b)6ijdx'dx^], 
where <l> and ^ are scalars. 

25. Obtain equations resulting from the condition = for a Universe filled by ideal 
liquid with state equation p — wp and described by metrics from the preceding 
problem. 

26. Obtain equation of motion for photon in linear approximation for $ in the metrics 

ds'^ = a\7])[{l + 2^)drf - (1 - 2^)5ijdx'dx^]. 

27. For a Universe dominated by a substance with the state equation p — wp, relate 
CMB fiuctuations with the gravity potential in the first approximation. 

28. Obtain equation of motion for scalar field (/? from variational principle in the metrics 

ds^ = a\7])[{l + 2^)d7]'^ - (1 - 2^)6ijdx'dx^]. 

29. Obtain the equation for scalar field fiuctuations <^(r, t) — (p{t) + 5(p{f, t), where (p{t) 
satisfies the Kleine-Gordon equation. 
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Chapter 8 
Inflation 



. . . some researchers to question 
whether inflationary cosmology 
is a branch of science at all'. 

J.Barrow 

"Inflation hasn't won the race, 
But so far it's the only horse. 

A.Linde 

Although inflation is remarkably successful as a phenomenological model for the 
dynamics of the very early Universe, a detailed understanding of the physical origin of 

the inflationary expansion has remained elusive. 

D. Baumann, L. McAllister 

Problems of the Hot Universe Model 

"Sad the week without a paradox, 
a difficulty, an apparent contradiction! 
For how can one then make progress?" 

John Wheeler 

1. Determine the Universe size at Planck temperature (The problem of the universe 
size) . 

2. If in the present time deviation of density from the critical one is A then what was 
it at t tpi (The problem of the Universe flatness). 

3. Show that both in the radiation-dominated and matter-dominated times the com- 
bination a^H^ is a decreasing function of time. Relate this result with the Universe 
flatness problem. 

4. Show that both in the radiation-dominated and matter-dominated cases x = is 
unstable fixed point for the quantity 

n - 1 
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5. Determine number of causally disconnected regions at the red shift z, represented 
in our causal volume today. 

6. What is expected angular scale of CMB isotropy (The horizon problem)? 

7. Show, that in Big Bang model any mechanism of initial inhomogeneities generation 
violates causality principle. 

8. How should early Universe evolve to provide the more fast decrease of initial per- 
turbations Xp than decrease of Hubble radius In, when we move back in time? 

9. Show that in the radiation-dominated Universe there are causally disconnected re- 
gions at any time moment in the past. 

10. Suppose that in some initial moment of time the homogeneity scale in our Universe 
was greater than the causality scale. Show that in gravitation-dominated Universe 
such scale relation will preserve in all subsequent moments of time. 

11. If the presently observed CMB would be strictly homogeneous, then in what number 
of causally independent regions should constant temperature be supported in Planck 
time? 

12. Formulate the horizon problem in terms of entropy of the Universe. 

13. Let initial homogeneous matter distribution in the Universe is given. The initial 
velocities must obey Hubble law (otherwise the initially homogeneous matter dis- 
tribution will be quickly destroyed). What must the accuracy of the initial velocity 
field determination be in order to preserve the homogeneous matter distribution up 
to the present time? 

14. Estimate the present density of relict monopoles in frame of the Hot Universe model. 

15. Show that standard model of Big Bang must include the huge dimensionless parameter- 
initial entropy of the Universe-as an initial condition. 

16. Cyclic model of the Universe is interesting becouse it avoids the intrinsic problem of 
the Big Bang model-the "initial sungilarity" problem. However, as it happens often, 
avoiding old problems, model produce new. Try to determine the main problems of 
the cychc model of Universe. 

17. In Big Bang model universe is homogeneous and isotropic, in this model momentum 
of the particle decreases as p{t) oc a{t)^^ as Universe expands. At first sight it seems 
that due to homogeneity of the Universe the translational inveriance must ensure 
the conservation of the momentum. Explain this apperent contradiction. 
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Inflation theory 



"Inflation hasn't won the race, 
But so far it's the only horse" 

Andrei Linde 



18. A scalar field (p{r,t) in a potential V{ip) is described by Lagrangian 




Prom the least action principle obtain the equation of motion (evolution) for that 



19. Using the action for free scalar field connected with gravitation in minimal way 



obtain action for that field in the FRW metric. 

20. Using the action obtained in the previous problem, obtain evolution equation for 
scalar field in the expanding Universe. 

21. Calculate density and pressure of homogeneous scalar field ip{t) in the potential 
V{(fi) in the FRW metric. 

22. Starting from the scalar field action of the form 



obtain equation of motion for that field in the case of FRW metric. 

23. Construct Lagrange function describing dynamics of Universe filled by scalar field 
in potential V{(f). Using the obtained Lagrangian, obtain the Friedman equations 
and Klein-Gordon equation. 

24. Obtain equation of motion for homogeneous scalar field (p{t) in potential V{ip) start- 
ing from the conservation equation 



25. Show, that Klein-Gordon equation could be expressed in dimensionless form 



field. 





p + 3-(p + p) = 0. 



ip" + {2-q)ip' = x; X 



1 dV 
IPd^' 



where prime denotes the derivative on In a, and q 



— 1§ is deceleration parameter. 
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26. In the equation for scalar field the term 3Hip formally acts as friction term that 
damps the inflation evolution. However this term does not lead to dissipative energy 
production, since it origins from the coupling of the scalar field with the background 
FRW metric. Show that. 

27. In the conformal time obtain the system of equations describing the scalar field 
dynamics in the expanding Universe containing radiation and matter. 

28. Calculate pressure of homogeneous scalar field in the potential V{(p) using the above 
obtained energy density of the field and its equation of motion. 

29. What condition should the homogeneous scalar field ip{t) in potential V{(p) satisfy 
in order to provide accelerated expansion of Universe? 

30. What considerations led A.Guth to name the theory describing early Universe dy- 
namics as "inflation theory"? 

31. Obtain equation of motion for homogeneous scalar field (f{t) in potential V{(p) using 
analogy with Newtonian dynamics. 

32. Show that Friedman equations for scalar field (p{t) in potential V{(p) can be pre- 
sented in the form 



33. Provided the scalar field ip{t) is a single-valued function of time, transform the 
second order equation for the scalar field into a system of first order equations. 

34. Express equations for scalar field in terms of the conformal time. 



defined kinetic energy. 

36. The inflation is defined as any epoch for which the scale factor of Universe has 
accelerated growth, i.e. a > 0. Show that the condition is equivalent to requirement 
of decreasing of the comoving Hubble radius with time. 

37. What conditions should the scalar field satisfy in order to provide close to exponen- 
tial Universe expansion? 

38. Show that in the inflation process the curvature term in Friedman equation becomes 
unessential. Even if that condition was not initially satisfied, the infiation quickly 



39. Show that the scalar field equations in fiat Universe can be presented in the form 




H = -47rG(^^ 



35. Show that the condition H > can be realized for the scalar field with positively 



realizes it. 



3H^^V + 2H' 
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where the dot denotes derivative with respect to cosmological time, and prime - 
with respect to ip. 

40. Obtain the evolution equations for scalar field in expanding universe in the ifiation- 
ary slow- roll limit. 

41. Find the time dependence of scale factor in slow- roll infiation regime for the potential 

V{^) = 

42. Find the dependence of scale factor on the scalar field in the slow- roll regime. 

43. Find the particle horizon in the inflationary regime, assuming H a; const. 

44. Show that the conditions for realization of the slow-roll inflation regime can be 
presented in the form: 



< 1; M*pi = {8ttG)-^/^. 



45. Show that the conditions e <^ 1 for realization of the slow-roll inflation regime 
obtained in the previous question is the sufficient condition for the inflation. 

46. Find the slow-roll condition for power law potentials. 

47. Show, that condition £ <C 77 is satisfied in the vicinity of infiection point of the 
potential V{(p) 

48. Show that the inflation parameter e can be expressed through the parameter w 
present in the scalar filed state equation. 



49. Show that the second Friedmann equation 

a AttG 



a 



(p + 3p) 



can be presented in the form 



a 

50. Show that in the slow- roll regime Sh ^ £, and r]H ^ r] — e. 

51. Show that the infiation parameters Shi Vh can be presented in the following sym- 
metric form 

d\nH dhiH' 
a In a a ma 

52. Prove that the definition of the inflation as the regime for which a > is equivalent 
to the condition eh < 

53. Show that the inflation appears every time when the scalar fleld value exceeds the 
Planck mass. 
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54. In the model V{(p) = Xcp'^ (A <^ 1) estimate the interval of scalar field values 
corresponding to the inflation period. 

55. Show that the classical analysis of the Universe evolution is applicable for the scalar 
field value (p ^ Mpi, allowing infiation to start. 

56. Show that in the inflation period the relative density Q exponentially tends to unity. 

57. Estimate the Universe temperature in the end of inflation. 

58. Estimate the Universe size in the end of inflation. 

59. Find the number of e-multiple increasing of the scale factor in the inflation 
period. 

60. Find the number iVg of e-multiple increasing of the scale factor in the model V{(p) — 
Xip^ (A = 10-10). 

61. Show that inflation transforms the unstable flxed point x = for the magnitude 

n - 1 

into the stable one, therefore solving the Universe flatness problem. 

62. Find solution of the horizon problem in frames of the inflation theory. 

63. Find solution of the monopole problem in frame of the inflation theory. 

64. Find exact particular solution of the system of equations for the scalar field in the 
potential V{(p) = r exp{—Xip). 

65. Compare the solution obtained in previous problem with the solution of evolution 
equations for scalar field in the expanding Universe in the infiation limit. 

66. Find time dependence for the scale factor in the infiation regime for the potential 
(l/n)A(^", assuming (p :$> Mpi. 

67. The infiation conditions deliberately break near minimum of the infiation potential 
and Universe leaves the infiation regime. The scalar field starts to oscillate near the 
minimum. Assuming that the oscillations period is much less than the cosmological 
time scales, determine effective state equation near the infiation potential minimum. 

68. Show, that effective state equation for scalar field, obtained in previous problem, in 
potential V cc Lp"- for n = 2 the equation corresponds to non-relativistic matter and 
for n = 4 — to the ultra-relativistic component (radiation). 

69. Find energy momentum tensor for homogeneous scalar field in the slow-roll regime. 

70. Find the time dependence of scalar field near minimum of the potential. 
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71. Find energy-momentum tensor of homogeneous scalar field in the regime of fast 
oscillations near the potential minimum. 

72. Show that the dependence H{^p) = ip~^ leads to the so-called intermediate infla- 
tion (The Universe expansion goes faster than any power law and slower than the 
exponential one), at which 



leads to the power law inflation a{t) = aot^. 

74. Determine the dynamics of scalar field in potential V — 3aH^. 

75. Did entropy change during the inflation period? If yes, then estimate what its 
change was. 

76. Does inflation theory explain the modern value of entropy? 

77. Formulate the differences between the models of cold and warm inflation. 

78. What is the difference between the chaotic inflation model by Linde and its original 
version by Starobinsky-Guth? 

79. The Standard Model of particles allows instability of baryons, which can decay to 
leptons in frames of the model. But as the rate of baryon number conservation 
violating processes is very low (for example, the proton lifetime Tp > 10^°7/ears), it 
is extremely difficult to find experimental proofs of the proton instability. Try to 
formulate the "infiation proof of the proton instability. 

80. In what way is the infiation theory connected with solution of the problem: why 
mathematics is so efficient in description of our world and prediction of its evolution? 



a{t) oc exp(At^), 0</<l, A>0, / =(1 + /3/2) 



-1 



73. Show that the dependence 
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Chapter 9 
Dark Energy 



To paraphrase Winston Churchill speaking about democracy, 

it may be that the cosmological constant is the worst form 
of accelerating physics, except for all those other forms 
that have been tried from time to time. 

E. hinder 



The observed accelerated expansion of Universe requires either modification of General 
Relativity or existence in frame of the latter of smooth energy component with negative 
pressure, called the "dark energy". That component is usually described with help of the 
state equation p — wp. As it follows from Friedman equation. 



For cosmological acceleration it is needed that w < —1/3. Current observations give 



with confidence level of 95%. Any physical field with positive energy and negative pres- 
sure can play role of dark energy. The allowable region for w values can be split into 
three intervals. The first interval —1 < w < —1/3 includes the scalar fields named the 
quintessence. The substance with the state equation p = —p {w = —1) was named the cos- 
mological constant, because p = const in that case. At last the scalar fields with w < —1 
were called the fantom fields. 

1. Show that the A-term introduced by Einstein (1917) 



is a constant (the cosmological constant): = 0. 

2. Obtain the Einstein equations in presence of cosmological constant by variation of 
the gravitational field action with the additional term 



introduction of which is not forbidden by the relativistic invariance requirements. 



1.48 < w{to) < -0.72 



R^i^ — 7,^9 — ^g^u — 



SnGT 
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3. Obtain Friedman equations in presence of cosmological constant. 

4. Find natural scales for length and time connected with the introduction of cosmo- 
logical constant in General Relativity. 

5. Show that the relativity principle results in the state equation p = —p for dark 
energy in form of cosmological constant if it is treated as the vacuum energy. 

6. Show that the cosmological constant state equation p — —p ensures Lorentz-invariance 
of the vacuum energy-momentum tensor. 

7. Show that the state equation p — —p is Lorenz-invariant. 

8. Does the energy conservation law hold in presence of dark energy in form of cosmo- 
logical constant? 

9. Show that assigning energy to vacuum we do not revive the notion of "ether", i.e. 
we do not violate the relativity principle or in other words we do not introduce 
notion of absolute rest and motion relative to vacuum. 

10. Obtain analog of the conservation equation p + 3if(p-|-p) = for the case when the 
gravitation constant G and the cosmological "constant" depend on time. 

11. Estimate the upper limit for the cosmological constant. What physical condition 
determines its lower limit? 

12. Suppose that density of the dark energy as cosmological constant is equal to the 
present critical density, p\ = pcr- What is the total amount of dark energy inside 
the Solar System then? Compare this number with MqC?. 

13. Knowing age of the oldest objects in Universe determine the lower physical limit of 
the physical vacuum density. 

14. Find the redshift in the cosmological constant dominated fiat Universe at which a 
source of linear size d has minimum visible angular dimension. 

15. Find static solution of Friedman equations with cosmological constant (static Ein- 
stein's Universe). 

16. Show that the static Einstein's Universe must be closed. Find volume and mass of 
such Universe. 

17. Estimate radius of the static Einstein's Universe if zero-point energy of radiation 
field is cut off at the classical electron radius. 

18. Analyze the static Einstein's model of Universe and show its instability. 

19. Construct the effective one- dimensional potential V{a) for a flat Universe filled by 
non-relativistic matter and dark energy in form of cosmological constant. 



55 



20. Show that the static Einstein's Universe may be reahzed only in the maximum of 
the effective potential V{a) (see the previous problem). 

21. Derive time dependence of the scale factor for flat Universe with the cosmological 
constant. 

22. Derive time dependence of the scale factor for flat Universe with the A-dynamical 
constant A = Ao(l + at). 

23. Show that in the case when the cosmological constant depends on time the energy 
density related to the latter can be converted into matter. 

24. Build dynamics of Universe in the cosmological model where A = aH, a > 0. 

25. For fiat Universe composed of matter and dark energy in form of the cosmological 
constant with A < 0, show that the Universe collapses into point in the time period 

2tt 



3 A 



^col 

26. Find dependence of dark energy density on the red shift for the state equation 

Pde = w{z)pde- 

27. Find dependence of Hubble parameter on the red shift in a fiat Universe filled by 
non-relativistic matter with current relative density l^^o and dark energy with the 
state equation pde = w{z)pde- 

28. Show that in a flat Universe flllcd by non-relativistic matter and arbitrary compo- 
nent with the state equation p = w{z)p the first Friedman equation can be presented 
in the form: 



3 ciln(l + ^) ' 
where 

describes contribution into the Universe expansion rate of any component other 
than matter. 

29. Consider a Universe filled by dark energy with the state equation depending on the 
Hubble parameter and its derivatives, 

p^wp + g(H,H,H,...,;t). 

What equation does the Hubble parameter satisfy in that case? 

30. Show that taking the function g (see the previous problem) in the form 

g{H, H,H)^-^(^H + H + ujIH+ ^(1 + w)H^ - Hq^ , = 8nG 

leads to the equation for Hubble parameter identical to the harmonic oscillator one, 
and find its solution. 
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31. Find time dependence of the Hubble parameter in the case of function g (see the 
problem [29]) taken in the form 

g(H;t) = -^Ij^H, K' = 8nG 

where f{t) is arbitrary function of time. 

32. Find dependencies a{p) and t{p) for fiat Universe filled by a substance with the state 
equation p = —p — f{p). 

33. Find dependencies a{p) and t{p) for fiat Universe filled by a substance with the state 
equation considered in the previous problem in the case /(p) = Ap", a = const. 

34. Express time derivative through the derivative over the red shift. 

35. Show that darlc energy density with the state equation p = w{a)p can be presented 

function of the scale factor in the form 

where w{a) is the parameter w averaged in the logarithmic scale 

/ w{a)dhia 



wia) = 



j dlna 



36. What is the slowness requirement for the scalar field evolution in the quintessence 
model related to? 

37. Show that if the kinetic energy K = 0^/2 of scalar field was initially much greater 
than the potential energy V{(p), then it will decrease as a~^. 

38. Show that for the scalar field (p minimally connected to gravitation, the energy 
density behaves as p^p oc a~", < n < 6. 

39. For scalar field (p with state equation p = wp and relative energy density calculate 
the derivative 

, dw 
dlna 

40. Find dependence of parameter w in the state equation for scalar field from the 
quantity 

X 



2V{p) 

and determine the intervals of x corresponding to inflation in the slow-roll regime, 
non-relativistic matter and the rigid state equation [p ~ p) regime. 

41. Show that decreasing of the scalar field energy density with increasing of the scale 
factor slows down as the scalar field potential energy V{(p) starts to dominate over 
the kinetic energy density 0^/2. 
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42. Estimate magnitude of the scalar field variation A(/? during the Universe evolution 
time At. 

43. Show that in the radiation-dominated or matter-dominated epoch the variation of 
the scalar field is small, and its smallness measure is given by relative density of the 
scalar field. 

44. Barotropic liquid is the substance for which pressure is single-valued function of 
density. Is the quintessence generally a barotropic liquid? 

45. Show that a scalar field oscillating near a potential minimum is not barotropic 
substance. 

46. Calculate the sound speed in the quintessence field (p{t) with potential V{(p). 

47. Show that in hyperbohc Universe the scalar field potential V^[<^(r7)] depends on the 
conformal time monotonously. 

48. Consider spatially flat Universe where non-relativistic matter and spatially homoge- 
neous complex scalar field $ dominate. Obtain the equations describing dynamics 
of such a Universe. 

49. Reconstruct the dependence of the scalar field potential V{a) on the scale factor 
given the dependencies for the field energy density p<^(a) and the state equation 
parameter w{a). 

50. Relate </?, p^, H, V{(fi) with the red shift dependent parameter of the state equation 
w{z) for Universe composed of non-relativistic matter and quitessence. 

51. Reconstruct the state equation parameters for the quintessence basing on the su- 
pernova bursts observations. 

52. Show that in the quintessence {w > —1) dominated Universe the condition H < 
always holds. 

53. Express the quintessence time derivative ip through its density p^p and the state 
equation parameter w^. 

54. Often used parametrization for the quintessence equation of state p = w{a)p has the 
following form: w{a) = wq + ^1(1 — a). Show that in such parametrization energy 
density and pressure of the scalar field take the form: 

p{a) oc a-3(i+«'e#(«))^ qc {1 + Weff{a))p{a), 

where 

Wejj{a) = {wq + Wi) + (1 — a)wi/ In a. 

In the models including the dark energy in different forms it is useful to introduce a 
pair of cosmological parameters {r, s}, which is called the statefinder: 

_ a _ r — 1 

3(g-l/2)' 
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The dimensionless parameters are constructed from the scale factor and its deriva- 
tives. The parameter r is the next member in the sequence of the kinematic charac- 
teristics describing the Universe expansion (after the Hubble parameter H and the 
deceleration parameter q). The parameter s is the combination of q and r chosen in 
such way that it is independent on the dark energy density. Values of the parameters 
can be reconstructed with high precision basing on the available cosmological data. 
After that the statefinder can be successfully used to identify different dark energy 
models. 

55. Explain the advantages for description of the current Universe dynamics brought by 
introduction of the characteristics hke the statefinder. 

56. Express the statefinder {r, s} through total density, pressure and their time deriva- 
tives for spatially fiat Universe. 

57. Show that for a fiat Universe filled by two-component liquid composed from non- 
relativistic matter (dark matter -|- baryons) and dark energy with relative density 

= Px/ Per the statefinder takes the form: 

1 , 1 ^ _Px 
s = l + w--—-; w= — . 

6 wH Px 

58. Express the statefinder in terms of Hubble parameter H{z) and its derivatives. 

59. Find the statefinders 

a) for dark energy in form of cosmological constant; 

b) for the case of time- independent state equation parameter w] 

c) for dark energy in form of the quintessence. 

60. Express the photometric distance dL^z) through current values of the parameters q 
and s. 

61. Explain the difference between the tracker solutions and attractors in dynamical 
systems. 

62. Show that the initial value of the tracker field must satisfy the condition ipQ <^ Mpi. 

63. Show that the kinetic and potential energy densities of the scalar field tp in the 
exponential potential V{ip) = exp(— a(/?/M), (M = Mpi/lGn) are proportional 
to density of the comoving component (matter or radiation), realizing the tracker 
solutions. 
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64. Let a scalar field potential equals 

n 

where A is a dimensional parameter and n > 2. Show that if a{t) oc t™, where 
m = 1/2 or 2/3 (either radiation or non-relativistic matter dominates), then the 
solution i^*{t) oc jf:^/("'+2) is a tracker one. 

65. Show that energy density of the scalar field corresponding to the tracker solution in 
the potential of problem [Ml decreases slower than the energy density of radiation or 
that of non-relativistic matter. 

66. For the scalar field with the potential of problem [Ml find the parameter in the 
state equation p^p = w^^p^ 

67. Using explicit form for tracker field for the potential of problem [641 check the pa- 
rameter value Wip obtained in the previous problem. 

68. Solving the scalar field equation we assumed that the scale factor time dependence 
needed to calculate the Hubble parameter in that equation is determined by the 
dominant component. As the scalar field energy density falls down slower than the 
energy density of radiation or matter, than, starting from some moment of time the 
approximated solution obtained this way is no more valid. What is the scalar field 
value for the potential of problem [6^ at that time moment? 

69. Consider an oscillating scalar field as a model of dark energy. 

70. Consider a quintessence model representing the scalar field in vicinity of the poten- 
tial minimum. 

71. Show that for the case w < —1/3 (dark energy) the horizon does not exist because 
the corresponding integral diverge. 

72. Show that for —l<w<—l/3 number of observed galaxies decreases with time. 

73. Find the scale factor dependence for density of the substance with the state equation 
p = —A/p, A > (the Chapligin gas). 

74. Show that in early Universe the Chapligin gas behaves as matter with zero pressure, 
and in later times — as the cosmological constant. 

75. Find the range of the energy density pch corresponding to accelerated expansion of 
Universe filled by dark energy in form of Chapligin gas with the pressure p = —A/pch 
and non-relativistic matter with density p^- 

76. Show that the sound speed in the Chapligin gas behaves as Cg oc t"^ in the matter- 
dominated period. 
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77. Find dependence of density on the scale factor in the generahzed Chaphgin gas 
model with the state equation 

P=-^, (^>0, a>0.) 

78. In the generalized Chapligin gas model (see the previous problem) find the atate 
equation parameter w. 

79. Define the sound speed in the generalized Chapligin gas model (see problem [77j) . 
Can it exceed the light speed? 

80. Let us present the energy density in the generalized Chapligin gas model of problem 
[771 in form of the sum p^^"'' = Pdm + Pde, where pdm is the component with 
properties of non-relativistic mater {pdm = 0) and pde is the component with 
properties of dark energy described by the state equation pcE = wdePde- Find 
restriction on the model parameter Wde- 

81. Find dependence of density on the scale factor for Chapligin gas model with the 
state equation 

p=(7-l)p--^; 0<«<1 
(the so-called modified Chapligin gas.) 

82. Construct effective potential for the Chapligin gas considering it as a scalar field. 
Do the same for the generalized Chapligin gas (see the problem [77|) and modified 
Chapligin gas from previous problem. 

The fantom fields (w < —1) on finite times in future lead to divergences of the 
scale factor a, Hubble parameter H , its derivative H and scalar curvature. This 
singularity was initially called the Big Smash, and then the Big Rip. Although 
mechanisms to avoid the Big Rip are presently known, the possible variants of the 
events development (the density of Universe) make an interest. 

83. Show that the scalar field action minimally connected to gravitation 

'1 



S = d XV— ^ 



under the condition < V{(p) leads to the condition w^, < —1, i.e. the field is 
fantom. 

84. Obtain equation of motion for the fantom scalar field described by action from the 
previous problem. 

85. Show that the fantom energy density grows with time. Find dependence p{a) for 
w = -4/3. 

86. Make the divergencies classification for the substance described by the state equation 
p = —p — Ap". 
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87. Show that in the fantom scalar field {w < —1) dominated Universe the condition 
H > always holds. 

88. Show that in a Universe filled by substance with the state equation 

p^wp+ ^H^; = SnG, f{t) ^Hi + H^ sina;oi, > > 0, 
f{t) 

the non-fantom [H < 0) and fantom [H > 0) epochs multiply change each other. 

89. Show that for flat Universe filled by non-relativistic matter with density pm and fan- 
tom field ip with density —ip'^/2 + V{ip) the Hubble parameter satisfies the equation 

2_ 87rGpm + V{ip) 



1 + ^(fi'^ 



6 

where 

din a 

90. For the flat Universe composed of matter {Q„i — 0.3) and fantom energy (w — —1.5) 
find the time period separating us from the Big Rip. 

91. Show that in the fantom component of dark energy the sound speed exceeds the 
light speed. 

Immediate consequence of approaching the Big Rip is the dissociation of bound sys- 
tems due to negative pressure inside them. In order to study the Universe expansion 
effect on the hound systems it is necessary (in the simplest case) to build the test 
particle dynamics in vicinity of the point mass M put into the expanding cosmo- 
logical background. Adequate metric for that problem is the one representing the 
interpolation between the static Schwartzschield metric in vicinity of M and FRW 
metric on large distances. 

92. Show that in Universe filled by non-relativistic matter a hydrogen atom will remain 
a bounded system forever. 

93. Show that the condition of finite motion on an orbit of radius R around an object 
of mass M takes the following form 

- — {p + 3p)R'<M. 

94. Show that for w > —la system gravitationally bound in some moment of time 
(Milky Way for example) remains bound forever. 

95. Show that in the fantom energy dominated Universe any gravitationally bound 
system will dissociate with time. 



96. 



Build the metric representing the approximation between the Schwartzschield metric 
on small distances (in vicinity of mass M) and FRW metric on large distances. 
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CHAPTER 9. DARK ENERGY 



97. Find the geodesic equation for the metric build in the previous problem. 

98. Show that the geodesic equation found in the previous problem is equivalent to 
Newton equation with time-dependent potential. 

99. Let the state equation for the dark energy is pde = 'w{z)p£)E- Neglecting the 
radiation in the flat Universe case express w{z) through the current value of relative 
density of matter ^-nd Hubble parameter H{z). 

100. Build the fantom energy model with negative kinetic term in the potential satisfying 
the slow-roll conditions 



101. Let parameter w in the state equation for dark energy varies in the interval — 1.2 < 
w < —0.8. Plot Pde{^ + z){GeV'^) in double logarithmic scale. 




and 



1 <fv 



< 1. 



102. Consider possibility to observe the dark energy in laboratory experiments at re- 
searching of quantum noises in dissipative systems. 



Chapter 10 
Dark Matter 



Since the original suggestion of the 
existence of dark matter, 
the evidence has become overwhelming. 
The question has changed from 
"Does dark matter exist?" to 
"What is this most common of substances?" 
G.Jungman, M.Kamionkowski, K.Griest 

In the beginning of thirties of the last century a Swiss cosmologist F.Zwicky applied the 
virial theorem (in the gravitational field 2{Ekin) + (Epot) — 0) in order to estimate the 
Coma cluster (Berenice's Hair). He was surprised to discover that in order to support 
finite motion of the galaxies belonging to the cluster its mass must be at least two orders of 
magnitude greater than the observed mass (inform of the luminous galaxies). He was the 
first to introduce the term "dark matter" which strongly entered into the modem cosmology 
vocabulary. In the present time the term is understood as non-baryon matter component 
which neither emits nor absorb electromagnetic waves in any range. 

1. Analyze the problem of small satellite galaxy moving in gravitational field of a large 
galaxy (The problem of non-decreasing behavior of the rotational curves.) 

2. What radial dependence of spherically symmetric density of galactic halo corre- 
sponds to constant velocity of sateUite galaxies? 

3. Using the virial theorem, express mass of a galaxy cluster through observed quan- 
tities — average velocity of galaxies in the cluster and its size. Estimate mass of 
Coma cluster (Berenice's hair) for R lO^^m, (v^)^/^ 2 • lO^m/s. 

4. Show that age of matter dominated Universe contradicts the observations. 

5. A galaxy has visible mass of lO^'^^AfQ and horizontal rotation curve up to distance 
of 30A;pc at velocity 250km/ s. What is the dark to visible mass ratio in the galaxy? 

6. Show that conservation of thermal equilibrium for certain component in the expand- 
ing Universe is possible only under the condition T ^ H, where T is rate of the 
reaction needed to support the equilibrium. 
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7. Find lower limit for mass of the dark matter particles in the case when they are: 

a) bosons; 

b) fermions. 

8. Find lower limit for mass of the fermion particles composing a compact spherical 
object of dark matter with radius R and mass M. 

9. Show that particles composing galaxy of mass M = 1O^°M0 and radius R = Skpc 
must be non-relativistic. 

10. In assumption that neutrinos have mass 771^, and decoupling temperature ~ 
IMeV. define their contribution to the presently observed energy density. 

// WIMPs represent dark matter they will not just generate the background density 
of Universe, but they will also cluster together with usual baryon matter in galactic 
halo. In particular they will be presented in our own galaxy — the Milky Way. It 
gives hope to detect the relict WIMPs immediately on the Earth. What those hopes 
are connected with? By definition WIMPs do not interact with photons. However 
WIMPs could annihilate into usual matter (quarks and leptons) in early Universe. 
Otherwise they would have too high relative abundance today. Due to the crossover 
symmetry the temperature of annihilation of e.g. WIMPs into quarks is connected 
with the amplitude of elastic scattering of WIMPs on quarks. Therefore WIMPs 
must have rather weak but non-zero interaction with usual matter. Due to that in- 
teraction WIMPs can elastically scatter on target nuclei and lead to recoil of detector 
nuclei partially transferring energy to them. Therefore search of events of elastic 
scattering of WIMPs on detector nuclei is one of prospective ways of galactic dark 
matter research. 

11. Show that at high temperatures T ^ (m^ is the WIMPs mass) the ratio of 
equilibrium densities of WIMPs and photons is constant: n^-^jn^^ = const. 

12. Show that Boltzmann equation describing evolution of WIMPs number density in 
particle number preserving interactions leads to the usual relation for non-relativistic 
matter oc a~^. 

13. Show that in early Universe for T > the WIMPs number density follows its 
equilibrium value at temperature decreasing. 

14. What temperature does neutrino density "freezing" take place at? 

15. Considering the WIMPs as the thermal relicts of early Universe, estimate their 
current density. 

16. Estimate local density of dark halo in vicinity of the Earth, assuming that the halo 
density decreases as pg = C/r"^. 

17. Build a model of the spherically symmetric dark halo density corresponding to the 
observed galactic rotation curves. 
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18. In frames of the halo model considered in the previous problem determine local dark 
matter density po basing on the given rotation velocities of satellite galaxy on the 
outer border of the halo foo = f (r — )■ oo) and in some point tq. 

19. For the halo model considered in the problem [T7] obtain dependencies p{r) and v{r) 
in terms of po and Voo- Plot the dependencies p(r) and v{r) for that model. 

20. Many clusters are sources of X-ray radiation. It is emitted by hot intergalactic gas 
filling the cluster volume. Assuming that the hot gas {kT f» lOkeV) is in equilibrium 
state in the cluster with linear size R = 2.5Mpc and core radius Vc = 0.25Mpc, 
estimate mass of the cluster. 

21. Estimate the WIMPs flow on the Earth's surface. 

22. What are main processes thanks to which the WIMPs can be detected? 

23. Show that WIMPs of mass ~ lOOGeV being elastically scattered on Xenon nuclei 
with mass ~ 130Gel^ lead to energy recoil < AOkeV. 

24. Show that the WIMPs elastic scattering experiments will be the most efficient if the 
target nuclei mass is compared to the WIMPs mass. 

25. Determine the minimum velocity of WIMPs that can transmit energy Q to a nucleus 
with mass rriN- 

26. Estimate the counting rate for the detector fixing elastic events of WIMPs. 

27. Obtain expression for the counting rate of the detector fixing elastic events of 
WIMPs. 

28. Reconstruct one- dimensional WIMPs distribution over velocities fi{v) basing on the 
given counting rate of the elastic events. 

29. Build a model-independent scheme for WIMPs mass determination using the results 
of WIMPs elastic scattering events detection for two and more sets of experimental 
data with detectors of different composition. 

30. Show that if WIMP has mass of order lOOGeV and velocity of order 300km/ s then 
it coherently interacts with nucleons of detector nuclei. 

31. Build the WIMP-nucleus total cross-section determining the elastic events counting 
rate. 

32. How will number of counts for the elastic events detector be affected by transition 
to heavier target nuclei at fixed detector mass? 

33. Show that if the WIMPs mass is of order lOOGeV^ then the elastic spin-independent 
cross-section for WIMPs on a nucleus with A ~ 100 is eight orders of magnitude 
larger then the corresponding cross-section on a nucleon. 
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34. What consequences follow from the i?-parity conservation? 

35. Estimate annual modulations amplitude of the WIMPs elastic scattering cross- 
section. 

36. Estimate diurnal modulations amplitude of the WIMPs elastic scattering cross- 
section. 

37. Find velocity change for a spaceship rotating around the Earth with period T as 
the result of dark matter particles scattering on nuclei of particles composing the 
spaceship. 

38. Assume that due to interaction with dark matter particles the spaceship velocity 
changed on Av for one turn. Given its mass is m and it moves around the Earth 
on a circular orbit, estimate dark matter density in the Earth neighborhood. 

39. Estimate how much will the period of rotation of the Earth around the Sun change 
in one year due to gravitational capture of dark matter particles. 

40. Estimate rate of energy outcome due to the WIMP-annihilation process using the 
parameter values mwiMP = lOOGel^ and {crv)ann = 3 • 10""^^ cm^ / sec for the anni- 
hilation cross section. 

41. It is theorized that the dark matter particles annihilation processes could be a com- 
petitive energy source in the first stars. Why those processes played an important 
role only in early Universe and they are not important nowadays? 

Dark energy is the main component of Universe energy budget, thus it is necessary to 
consider possibility of its interaction with other Universe components, in particular 
with the component second in importance — the dark matter. Additional interest to 
that possibility is connected with the fact that in its frame it is possible to solve the so- 
called "coincidence problem": the coincidence (in the present time) of dark energy 
and dark matter densities by order of magnitude (0.7 and 0.3 respectively). As 
the nature of those two components is yet unknown we cannot describe interaction 
between them starting from the first principles and we are forced to turn to the 
phenomenology. In the base of the phenomenology one can put the conservation 
equation 

p^ + 3H{pi+p,) = 0. 

In the case of interaction between the components it is necessary to introduce the 
interaction (a source) into the right-hand side of the equation. It is naturally to 
assume that the interaction is proportional to the energy density multiplied by a 
constant of inverse time dimension. For that constant it is naturally to choose the 
Hubble constant. 

42. Construct a model of Universe containing only interacting dark energy and dark 
matter, while their total energy density is conserved. 

43. In frame of model of the problem |42] find effective state parameters u^e// ^^"^ ^e7/ 
allowing to treat the components as non-interacting. 
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44. Show that in frames of the model of Universe described in the problem |12] the 
Klein-Gordon equation for the scalar field takes the form: 

(p + m^ + v'i^) = -r; r = ^ 

Here Q is the constant of interaction between dark energy and dark matter. 

45. Study the model from the problem |12] for the exponential potential 

where k"^ = SnG, A is a dimensionless constant and Vq > 0. 

46. In the model of problem H2] find scale factor dependence for the dark matter density 
assuming that the constant of interaction between the dark matter and the dark 
energy equals Q = 5{a)H p^M- 

47. In the model of problem |l2] find scale factor dependence for the dark matter and 
the dark energy density assuming that Q = SHpDE (5 = const). 

48. Show that in the model of interacting dark matter and dark energy in form of 
quintessence the relation R = Pm/p-fi satisfies the equation 

R = 3HRw^ + —{1 + R). 

Pip 

49. Let the dark energy state equation be pde = wpDE, where w = const. In frame of 
problem W2\ find dependence of the dark energy density on the scale factor, assuming 
that pdm = Pdmqcl'^^^ 1 where 5 characterizes deviation of the dark matter density 
evolution from the standard one (in absence of the interaction). 

50. Let in model of interacting dark energy and dark matter the densities ratio has the 
form 

^ oc Aa-^. 

pDE 

Determine the interaction Q between the components. 

51. Determine the statefinder {r, s} (see Chapter [9]) in the model of interacting dark 
energy and dark matter with the interaction intensity Q = SaH. 

52. Consider a flat Universe filled by dark energy in form of the Chapligin gas {pch = 
—A/pch) and dark matter. Let the components interact with each other with in- 
tensity Q = 3THpch (r > 0). Show that for large a (a — )■ oo) the parameter 
Wch = Pch/ Pch < —1, i-e. in such a model the Chapligin gas behaves as the fantom 
energy. 

53. Interaction between the dark matter and the dark energy leads to non-conservation 
of matter, or equivalently to scale dependence for mass of particles composing the 
dark matter. Show that in frame of the model considered in the problem |12] the 
relative change of particles mass per Hubble time equals the interaction constant. 
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54. Consider a model of flat homogeneous and isotropic Universe filled by matter (baryon 
and dark), radiation and negative pressure component (dark energy in form of 
quintessence). Assuming that the baryon matter and radiation conserve separately 
and the dark components interact with each other, describe dynamics of such sys- 
tem. 

55. Assume that the dark matter particles mass ttidm depends on scalar field ip. Con- 
struct the model of interacting dark energy and dark matter in that case. 

56. Find equation of motion for the scalar field interacting with the dark matter whose 
particles mass depends on the scalar field. 



Chapter 11 

Standard Cosmological Model 



"The history of cosmology shows that in every age 
devout people believe that they have at last discovered 
the true nature of the Universe" 
E.R.Harrison 

On the frontier between XX and XXI centuries the Standard Cosmological Model (SCM) 
became the dominant model of Universe. It is based on two the most important observa- 
tional results: 

1. Accelerated expansion of Universe 

2. Euclidean character of space geometry. 

The theoretical basis of the SCM is the Ceneral Relativity theory. Besides that it is as- 
sumed that early Universe is adequately described by the inflation theory (see Chapter\Bij. 
SCM fixes a row of Universe parameters and in particular its energy composition. Accord- 
ing to SCM in the present Universe the two components dominate — the dark energy (in 
form of cosmological constant K) and the cold dark matter (CDM). Therefore the model 
was named ACDM. 

1. Calculate the dark energy density in the SCM. Find the cosmological constant value 
in the model. 

2. Using the SCM parameters find dependence of relative density of dark energy 
on the red shift. Plot Q;^{z). 

3. Estimate number of stars in the Universe described by SCM. 

4. Find ratio of dark energy density in SCM to energy density of electric field of 
intensity IV/m. Compare the dark energy density with gravitational field energy 
density on the Earth surface. 

5. Estimate distance between two neutral hydrogen atoms at which the gravitational 
force of their attraction is balanced by the repulsion force generated by dark energy 
in form of the cosmological constant. Make the same estimates for the Sun-Earth 
system. 

6. Can an open Universe recoUapse or a closed Universe expand forever? 
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7. Current observations show that the Universe is flat with high precision: |f2cMr?;| < 
0.02. Consider a hypothetic situation: all dark energy in the Universe instantly 
disappears, but the curvature remains as small as it is, and k = +1 {^curv < 0) 
(closed Universe). What ratio of scale factors a{t)/ao corresponds to the moment 
when expansion change to contraction in such a Universe? 

8. Calculate physical acceleration magnitude in the SCM. 

9. Using the SCM parameters, determine the red shift value corresponding to equality 
of radiation and matter densities.. 

10. Rewrite the first Friedmann equation in the SCM in terms of red shift and analyze 
contributions of separate components on different stages of Universe evolution. 

11. Construct effective one- dimensional potential (see problem [15] of Chapter 3) corre- 
sponding to the SCM parameters. 

12. In the SCM described Universe photons with z = 0.1, 1, 100, 1000 are registered. 
What was the Universe age tu in the moment of their emission? What period of 
time tph were the photons on the way? Plot tu{z) and tph{z). 

13. In the flat expanding Universe described by SCM determine the physical distance 
to the object emitted light with red shift z. 

14. Find the time dependence for the scale factor in the SCM and analyze asymptotes 
of the dependence. Plot a(t). 

15. Find age of Universe corresponding to the SCM parameters. 

16. Give a qualitative explanation why the age of Universe in SCM is considerably 
greater than the age of matter dominated Universe (Einstein-de Sitter model). 

17. Let light is emitted at time moment t and is registered at time moment to with red 
shift z. Find and plot the dependence of emission time on the red shift t{z). 

18. What will relative density of dark energy be a billion years later? 

19. Find variation rate for relative density of dark energy in the SCM. What are asymp- 
totic values of the quantity? Plot it. 

20. Estimate size of the cosmological horizon in the SCM. 

21. Find time dependence of Hubble parameter in the SCM. Plot the dependence. 

22. Find asymptotic (in time) value of the Hubble parameter in SCM. 

23. In the present time age of Universe to ~ 13.7 billion years is close to the Hubble 
time tn = Hq^ ~ 14 billion years. Is it true for any moment in evolution of SCM 
described Universe that its age t* satisfies the relation t* ~ tnit*) = H~^{t*)7 
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24. What value of state parameter is needed for the dark energy in order to make its 
current value of relative density to provide accelerated expansion of Universe in the 
present time? 

25. Find current value of the deceleration parameter in the SCM. 

26. For the SCM described Universe find the redshift dependence of the deceleration 
parameter. Analyze the limiting cases. 

27. Find and plot time dependence of the deceleration parameter in the SCM. 

28. For the SCM described Universe find the time moment when dark energy starts 
dominate over dark matter. What red shift does it correspond to? 

29. For the Universe described by the SCM determine the time moment and red shift 
corresponding to the transition from decelerated Universe expansion to the acceler- 
ated one took place. 

30. Solve the previous problem using the derivative drj/dlna. 

31. Is dark energy domination necessary for transition to accelerated expansion of Uni- 
verse? 

32. For flat Universe composed of matter and dark energy in form of cosmo logical con- 
stant find connection between the red shift corresponding to equality of densities 
for both the components Pm{zeq) = PA(^eg) and the red shift value corresponding to 
start of the accelerated Universe expansion. 

33. Imagine that in the SCM described Universe the dark energy was instantly switched 
off. Analyze further dynamics of the Universe in that case. 

34. Estimate the density of dark energy in form of cosmological constant using the 
Hubble diagram (see fig jll.ip for vicinity of the Local group. 

35. Estimate the Local group mass by methods used in the previous problem. 

36. Find "weak" points in the argumentation of the two preceding problems. 

37. For the SCM described Universe estimate time when the "cosmology end" sets in, 
i.e. when it will be impossible to see any galaxy on the sky. 

38. Product of the Universe age and current Hubble parameter (the Hubble's constant) 
is a very important test (Sandage consistency test) of internal consistency for any 
model of Universe. Analyze the parameters on which the product Hoto depends in 
the Big Bang model and in the SCM. 

39. Show that for a fixed source of radiation the luminosity distance for high red shift 
values for fiat Universe dominated by dark energy will be greater compared with 
the matter dominated fiat Universe. 
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Figure 11.1: To problem |3ll Hubble diagram for vicinity of the Local group. 
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40. In the experiments discovered the accelerated expansion of Universe the researches 
in particular detected two la type supernovae: 1992P, z = 0.026, m = 16.08 and 
1997ap, z = 0.83, m = 24.32. Show that those observables accord with the SCM 
parameters. 

41. Compare the observed value of the dark energy density with the one expected from 
the dimensionality considerations (the cosmological constant problem). 

42. Determine density of vacuum energy using Planck scale as the cutoff parameter. 

43. Identifying the vacuum fluctuations density with the observable dark energy value 
in SCM, find the frequency cutoff magnitude in the fluctuation spectrum. 

44. Determine the inflation period duration in frames of SCM. 

45. Plot the dependence of luminosity distance (11 (in units of Hq^) on the red shift 
z for the two-component flat Universe with non-relativistic liquid (w — 0) and 
cosmological constant {w — —1). Consider the following cases: 



46. Determine position of the first acoustic peak in the CMB power spectrum, produced 
by baryon oscillations on the last scattering surface in the SCM. 

47. Compare asymptotes of time dependence of the scale factor a{t) for the SCM and 
de Sitter models. Explain physical reasons of their distinction. 

48. Redshift for any object slowly changes due to the acceleration (or deceleration) of 
the Universe expansion. Estimate change of velocity in one year period in the SCM 
described Universe. 

49. If the Universe is described by SCM then what is lower limit of ratio of total Universe 
volume to the observed one? 

50. What is difference between the inflationary expansion in early Universe and the 
present accelerated expansion? 

51. Compare the values of Hubble parameter in the beginning of the inflation period 
and in the beginning of the present accelerated expansion of Universe. 

52. Consider the quantity 



x'^ - i 

where x = 1 + z, h{x) — H(x)/Hq[x). Show that if the state parameter w — const 
then 0{x) = for cosmological constant, 0{x) > for quintessence and 

0{x) < flom for phantom energy, and therefore 0{x) can be used to probe the dark 
energy state equation. 



a) 

b) Q° 

c) nl 

d) 



0; 

0.3; 
0.7; 
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Plot the dependencies h{x) — H{x)/Hq{x), x — 1 + z in the SCM, for quintessence 
and for phantom energy. 



